Mathematica 11.3 Integration Test Results

Test results for the 190 problems in "7.5.1 u (a+b arcsech(c x))*n.m

Problem 19: Result unnecessarily involves imaginary or complex numbers

st (a+bArcSech[cx]) dx

Optimal (type 3, 142leaves, 8steps):

5bx 1-cx 5bx3 1-cx bx5 1-cx
112c¢5 | -1~ 168 c* / 1 42¢
1l+cx +C X 1+cx
5b 1+ cx ArcSin[c x]
1
=X’ (a +bArcSech| +
7 112 ¢’

Result (type 3, 143 leaves):
ax’ 1-cx 5 X 5 x2 5 x3 5 x4 x> x6

+ - - - - - - +

1+cx 112 c® 112c® 168c* 168c3 42c? 42c

7
5iblog[-21icx+2 /i:ﬁ (1+cx)]

X] +
112 ¢’

1 7
— b x’ ArcSech|c
7

Problem 21: Result unnecessarily involves imaginary or complex numbers

Jx“ (a+bArcSech[cx]) dx

\V/1+cx ArcSin[cx]

Optimal (type 3, 110leaves, 6 steps):

3b
3bxvV1-cx bx*vV1l-cx 1 ¢ lrex
- - +=x° (a+bArcSech[cx]) +
5 40 c*
40 c* S 20 c2 L
1+cx 1+cx

Result (type 3, 123 leaves):
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3x 3 x? x3 x4

ax® b 1-cx

- +
49c* 40c3 20c? 20c

5 1+cxXx

3iblog[-2icx+2 [ (1+cx)]

1 1+cx
= bx®>ArcSech[cx] +
5 40 c®

Problem 23: Result unnecessarily involves imaginary or complex numbers.

sz (a+bArcSech[cx]) dx

Optimal (type 3, 78leaves, 4 steps):

b |-t /1+cx ArcSin[c x]
bxvVi-cx 1 , lrex
-—————+—x>(a+bArcSech[cx]) +
3 6C3
6 c2 1
1l+cx

Result (type 3, 103 leaves):

iblog[-2icx+2 [ (1+cx)]

1+cx

ax3 1-cx
+b
3 1+cx

X X2 1 3
-—— - — |+ —bx>ArcSech[c x] +
6c2 6¢C 3 6c

Problem 45: Result more than twice size of optimal antiderivative.

J(a +bArcSech[cx])? dx

Optimal (type 4, 140 leaves, 9steps):

; 6b(a+bArcSech[cx] )ZAPcTan[eA"CSGCh[CXJ}
x (a+bArcSech[cx] ) - .

c
61ib? (a+bArcSech[cx]) PolyLog[2, -1 eAresechicx] ]

c
6 i b? (a+bArcSech[cx]) Polylog[2, i efresechicx] ]

C

6 i b3 PolylLog[3, - i efresechicxl ] 6 4 b? Polylog|3, i efresechicx |
+
c d

Result (type 4, 282 leaves):
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1-cx
cX

3a2bArcTan]| Lex ]

-1l+cx

a®x+3a’bxArcSech[cx] -

+

0 |Rr

c
3iab? (ArcSech [cX] (—1'1 ¢ xArcSech[cx] +2 Log[l _ j @-ArcSech[cx] } _2 Log[l + 1 @Arcsechlcx] } ) .
2 PolylLog [2, _j @ Arcsech[cx]

| -2Polylog[2, i eAresechicx]]) 4 !

c
b*> (cxArcSech[cx]?-3i (-ArcSech[cx]? (Log[1-1i e resehlex]] _ Log[1+ i e Aresechlicx]])

2 ArcSech[cx] (Polylog[2, -i e resechiexl] _polylog|2, i e Aresechlcx]]
2 (PolyLog [31 _ j @ Arcsech[cx] } - PolyLog [3, i @ Arcsech[cx] ] ) > )

Problem 71: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(d x)" (a+bArcSech[cx]) dx

Optimal (type 5, 87 leaves, 3 steps):

1+ 1) s 1 1sm  34m
(d X>1+m <a+bAr‘cSech[c X1> ° <dx> m\l 1+cx 1rex Hyper‘geometr1c2F1{2, zm’ zm" c? XZ}
+
d <1+m>

d (1 + m) 2
Result (type 6, 183 leaves):

(dx)" [ax-|12b 1- (1+cx) AppellFl[l, 1, -m, E,l(l+cx>,1+cx] /
1+m 1+cx 2 2 2 2

(c (-1+cx)

1+CX),1+CX}+

(1+CX)

(1+CX>, 1+CX] +

3 3 1
AppellF1[=, =, -m, =, = (1+cx), 1+cx]
2 2 2

] +b xArcSech[c x]

Problem 74: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)3 (a+bArcSech[cx]) dx

Optimal (type 3, 264 leaves, 9 steps):

| 3
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be (9c?d?+e?) li Vi+ex V1-c2x2 bde?x [ \/1+cx \1-

6 c* 2¢c?
b e3 x2 L J1+cx V1-c2x?
\| 1ecx (d+ex)* (a+bArcSechcx])
+ +
12 ¢? 4e
bd (2c?d?+e?) lllcx v1+cx ArcSin[cx] bd* ,1cx V1+cx ArcTanh[v/1-c2x? |
2¢3 4e

Result (type 3, 190 leaves):

be /ﬁ (1+cx) (2e?+c? (18d?+6dex+e?x?))

1
“laad®x+6ad’ex?+4ade?xP+ae3xt- +
4 3¢t

bx (4d>+6d*>ex+4de®x*+e’x?) ArcSech[cx] +

2ibd (2c2d?+e?) Log[-2icx+2 li’% (1+cx)]

3

(e

Problem 75: Result unnecessarily involves imaginary or complex numbers.

J(d +ex)2 (a+bArcSech[cx]) dx

Optimal (type 3, 201 leaves, 8 steps):

bde Vi+ex V1-

l+cx

bex 1 1o
e rv rex V1-c?x (d+ex)? <a+bAr‘cSeCh[CX])

+ +

b (6 c? d2+e2)

1CX 1+ cx ArcSin[c x] | V1+cx ArcTanh[V1-c2x? |

l+cx

Result (type 3, 147 leaves):
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1-c¢cx

1
——|-bce

; <1+CX) (6d+ex)+2ac3x(3d2+3dex+e2x2)+
6cC 1+cxX

1-c¢cx

2bc®x (3d?+3dex+e?x?) ArcSech[cx] +ib (6c?d?+e?) Log[-2icx+2 (1+cx)]

1+cx

Problem 78: Result unnecessarily involves imaginary or complex numbers.

a +bArcSech[cx]
J dx

d+ex

Optimal (type 4, 229 leaves, 4 steps):

e- 7CZ d2+e2 ] efAr*cSech[:x]
(a+bArcSech[cx]) Log[1+e—2ArcSech[cx]] <a+bAr‘cSech[cx]) Log[1+ = ]

- + +
e e

e+ -c? d?+e?

(a+bArcSech[cx]) Log[1+ - ] bPolyLog|[2, - e2Arcsechicx ]
+

e—Ar‘cSech [cx]

e 2e

[e7 7C2 d2+e2 ] e—ArcSech[ch e+ 7C2 d2+e2 ) efArcSechicxj
— | bPolylog|2, - — ]

bPolylog|2, -

e e

Result (type 4, 393 leaves):
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Log[d
M +—b PolyLog[

e 2e
NE (-cd+e) Tanh[iAr‘cSech[c x] |
\ﬁ

72Ar-cSech[ ]] _

2 |-4iArcSin| | ArcTanh| | +ArcSech(c x]

-c2d?+e?

(e B m) ©-Arcsech[cx]
cd

/ v _2d2+e? ) @-Arcsech[cx]
Log

cd

Log[1 + e 2Aresechiex] | _ ApcSech[c x] Log[1 +

|+

21 Ar‘cSin

(e + \/m) @-Arcsech[cx]

ArcSech[c x] Log[1 +

] -

cd
X ~/ _ c2d? + e2 ) e—ArcSech[c X]
2 i ArcSin| \/— | Log[1 y | +PolyLog|2,
C
(_e +/ _c2 dz + e2 ) efArcSech[c x] (e + “/—CZ dZ n e2 ) e—Ar‘cSech[c x]
+Polylog|2, -
cd ] [ ’ cd }

Problem 80: Result unnecessarily involves imaginary or complex numbers.

a + b ArcSech[c x]
J dx
(d+ex)?

Optimal (type 3, 306 leaves, 11 steps):
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a+bArcSech[cx]

c2d2 ez) (d+ex) (d+ex> :

/ 1+ cx ArcTan ercdx
Trex [\/C 2d?-e? [1-c?x? ]

2 (c2d?-e?)??

e+c’dx 73
| o mArcTan[mm | o Vilvcex ArcTanh[v/1-c2x? |
2 2

2d2

d
Result (type 3, 342leaves):

b | 1% (e+cex)
a 1+cx

- +

e(d+ex>2 d(cd-e) (cd+e) (d+ex]

blLog|1 lcx Lex
bArcSech[cx] blog[x 1+cx 1rcx

2c d? - )
e(d+ex)2 d?e

N |

1-cx 1-cx
Log[|4d’er/c?d?-e? |ie+ic?dx+q/c?d?-e? c2d?-e? /

e’ x
1+cx 1+cx

(b (2c2d*-e?) (d+ex)) | /(d2 (cd-e) (cd+e)+/c?d*-e?

Problem 81: Result unnecessarily involves imaginary or complex numbers.

J(d +ex)?? (a+bArcSech[cx]) dx

Optimal (type 4, 343 leaves, 21 steps):
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Trex 2 <d+ex)5/2 (a+bArcSech[cx])
_ N _
15 c? 5e
1 . . . 1-cx 2e
28bd /—1+cx V1i+cx Vd+ex ElllpthE[Ar‘CSln[Cﬁ ] —cdﬂJ .
N 15c3+/d+ex
cd+e

d Vi —
ab (2c2d?+ e?) 1 Vi+cx cldrex) EllipticF [ArcSin| 1ocx s L
l+cx cd+e V2 cd+e
d —
cldrex) EllipticPi|2, ArcSin[W], 2e
cd+e V2 cdre

Result (type 4, 575leaves):
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4be lﬁ (1+cx)d+ex 2a (dvex]®?

- + +

15 c? S5e

2b (d+ex)*?ArcSech[cx] 1

+

5e

15 c? —CdT*e Vd+ex (e-cex)

3/2 ercex . . . ¢ cd-e
(d+ex) ————— EllipticE[i ArcSinh]| B |+
cd+cex Jd+ex cd+e

i (6c2d2+7cde+e2)

L , . ¢ cd-e 5
EllipticF|i ArcSinh| | +31ic%d

)
Vd+ex cd+e

3/2 e+cex ... .p cd . . ¢ cd-e
(d+ex) ————— EllipticPi| , i ArcSinh| ] ]
cd+cex cd+e Jd+ex cd+e

Problem 82: Result unnecessarily involves imaginary or complex numbers.

J\/d+ex (a+bArcsech[cx]) dx

Optimal (type 4, 279 leaves, 14 steps):

| 9
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2(d+ex)3/2 (a+bArcSech[cx])
3e

Vi1-cx
4b e V1i+cx /d+ex ElllpthE[Ar‘cSm[ s ]

’ cd+e]

3¢ c (d+ex)
cd+e

d |2~ ~/1+cx [Sldext EllipticF[ArcSin[ﬁ155§}
l+cx cd+e V2

2e
’ cd+e] 1
cvVd+ex evVd+ex
c(d+ex V- 2
4bd? Vi1+cx cldrex) EllipticPi[2, ArcSin| <X ] : ]
l+cx cd+e 2 cd+e
Result (type 4, 279 leaves):
2 |a(d+ex)?? b(d-kGX)yzAPCSECh[CX
z + _
3 e

e-cex
cd+e

e(l1+cx)

-cd+e

(-2cd+e) EllipticF[i ArcSinh] Vd+ex |
cd+e
e
cd E111pt1cP1[1—+447,:uArc51nh \/d+—ex
cd cd+e

Problem 83: Result unnecessarily involves imaginary or complex numbers.

a +bArcSech[cx]
J dx

Vd+ex

Optimal (type 4, 187 leaves, 8 steps):

(cd-e) EllipticE[i ArcSinh[ |- Vd+ex |
cd+e

1-cx
cd+e l1+cx

d+e]
cd-e
cd+e}
cd-e
cd+e]
cd-e
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2+/d+ex (a+bArcSech[cx])

4b Vi+cox | ldex EllipticF[Ar‘cSin[@] 279]
cd+e V2

’ cdse 1

d+ex evd+ex

d+ex V1-cx 2e
V1+cx E111pt1cP1 2 Ar‘cSm[ }, }
1+cx cd+e 2 cd+e

Result (type 4, 286 leaves):

1+cx

2vVd+ex
c(d+ex) . 1-cx |e(l+cx) [e-cex
(-1+cx) [-——— (a+bArcSech[cx])+2ib
cd+e l1+cx -cd+e cd+e
s . . c(d+ex) cd+e . 1-cx e(1+cx) e-cex
EllipticF i ArcSinh| |- 1 |-2ib
cd+e cd-e l+cx -cd+e cd+e

e c(d+ex) cd+e c<d+ex)
EllipticPi[1+ —, i ArcSinh[ |- s | / e(-1+cx) [-——
cd cd+e cd-e cd+e

Problem 84: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Ja +bArcSech[c x]
X

(d+ex)3/2

Optimal (type 4, 105leaves, 5steps):
b [ Th, Vivex [eider Ellipticpi[2, Arcsin[ S|, 2e ]

cd+e

2 (a+bArcSech[cx]

.

evVd+ex evd+ex
Result (type 4, 223 leaves):
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2a 2 b ArcSech[c x]

evd+ex evd+ex
) 1-cx e+cex L. ) . ¢ cd-e
4ib EllipticF[i ArcSinh| |, | -
l+cx cd+cex d+ex cd+e
_ cd+e
_ . c cd-e cd+e e (-1+cx)
s ]lAI“CSlnh[ ] ] / cd |-

EllipticPi]|

cd+e Jd+ex “cdie

Problem 85: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Ja +b ArcSech[c x]
X

(d+ex)5/2

Optimal (type 4, 278 leaves, 11 steps):

4be 1 J1+cx V1-c2x2
lecx 2 (a+bArcSech[cx])

3d(c2d2—e2)\/d+ex ) 3e<d+ex)3/2

4bc 1 Ji+cx Jd+ex EllipticE[Ar‘cSin[@] -2e-]
V2

)
1l+cx cd+e

3d (czdz—e2> c (d+ex)
cd+e

4b L W1reox | S4eX EllipticPi2, Ar‘cSin[@} , 2]
1+c X cd+e 2 cd+e
3devd+ex
Result (type 4, 698 leaves):
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1
3 (d+ex)3/2

4b [ (d+ex) (e+cex)
2a 1rex 2bArcSech[c x] 1
+ _

e d(cd-e) (cd+e)

4b 1-cx (d+ex) |-c*d?
1+cxXx
- cd+e 5 cd+e s
2c¢2d? |- (d+ex)-c*d |- (d+ex)®+icd (cd+e)

C C

cd+e

3/2 e+rcex e . . o« cd-e
(d+ex) ————— EllipticE[i ArcSinh| ]» ] -
cd+cex VJd+ex cd+e
e (-1+cx) (d+ex>3/2\/m
¢ (d+ex) cd+cex
| cdie
C
]

i(2c?d®+cde-e?)

EllipticF[i ArcSinh|

\Vd+ex
_ cd+e
e+cex L. cd ) . ¢ cd-e
—_— E111pt1cP1[ R ]lAf‘CSlnh[ }, }
cd+cex cd+e Jd+ex cd+e

3/2 e+cex . .. .r cd . . c cd-e
(d+ex) ————— EllipticPi] , 1 ArcSinh| ], ]
cd+cex cd+e d+ex cd+e

Problem 86: Result unnecessarily involves imaginary or complex numbers.

a+bArcSech[cx]
J dx

(dvex)”?

Optimal (type 4, 609 leaves, 18 steps):
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\/1+cx V1 - c2x2

Vitvex V1-c2x2 16bce

1+cx

15d (c?d? - e?) (d+ex)3/2 2dz—ez) \d+ex

Vi+ex V1-c2x?
lecx 2 (a+bArcSech[cx])

5d? (c2d?-e?) \/d+ex 5e(d+ex)5/2

3 1 . . . Al-cx 2e
16bc ’Tcx Vitecx Vd+ex ElllptlcE[Ar‘CSln[ o= ], 7cd+e]

15 <C2d2762>2 c (d+ex)

cd+e

4be

1-cx 2e
4bc ,1+cx Vi+cx /d+ex E111pt1cE[Arc51n[£ﬁ ] —cd+e]

5d? (c2d? - e?) c(drex)

cd+e

Vivex | S0 E1lipticE [Arcsin[ YIS ], 2o ]
cd+e N2

)
l+cx cd+e

15d (c*d?-e?) \/d+ex

3
1+cx cd+e

J1+cx M EllipticPi[2, Ar‘cSln[%} 2]

5d2e+/d+ex
Result (type 4, 1193 leaves):

Vd+ex
5e<d+ex 5/2 l+cx

4bc 7c2d2 3e2 4b(6c2d2—cde—3e2> )
15 d? (c2d27e>2 15d(cd+e> (d+ex)2 15 d? (cd—e) (cd+e)2(d+ex>
2 b ArcSech[cx] 1
d 5/2
e< +ex) 15d3 |- <= (Czdz—ez)z( & +C(—1+ d ))
c d+e x d+e x
p 7 c4d5 _ cd+e
€ trex  diex cd+e c
Abvdiex |- dex dex ) .
c_-cd e c (d+ex)2
d+e x d+e x
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10 c2 d3 e2 _ cd+e 3de? /_cd;e 14 ¢ ¢4 | _cd+e 6 c2 d2? e2 [ _cdie
C C C C
- + - +

d+ex)? d+ex)? d+ex d+ex

d e
Jicd(7c3d3+7c2d2e—3cde2—3e3) 1- -

Jdrex d+ex c(d+ex)

_ cd+e
¢ cd-e

d e
1- + EllipticE[i ArcSinh| s -
d+ex c(d+ex) Jd+ex cd+e
1 . 4 44 3 43 2 42 o2 3 4 d €
———i (9c*d*+7Pd’e-8c?d?e*-3cde’+3e*) [1- -
diex d+ex c(d+ex]
_ cd+e
d e L. . . ¢ cd-e
1- + EllipticF[i ArcSinh| ) +
d+ex c(d+ex) Jdrex cd+e
d e d e
3ictd® |1- - 1- +
Jd+ex d+ex c(d+ex) d+ex c(d+ex)
_cd+e
o . . < cd-e 1
EllipticPi| , 1 ArcSinh| s -
cd+e \d+ex cd+e’ /diex
.2 2 2 d e d e L. cd
61c’d?e? |1- - 1- + EllipticPi| s
d+ex c(d+ex) d+ex c(d+ex) cd+e
_ cd+e
) . ¢ cd-e 1 - d e
i ArcSinh [ R + 3ie 1- -
Jd+ex cd+e’  Jdiex d+rex c(d+ex)
_ cd+e
d e L. cd ) . ¢ cd-e
1- + EllipticPi]| , i ArcSinh| s
d+ex c(d+ex) cd+e Jdiex cd+e

Problem 88: Result unnecessarily involves imaginary or complex numbers.

Jx“ (d+ex?) (a+bArcSechl[cx]) dx

Optimal (type 3, 229 leaves, 6 steps):

| 15
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b (42c?d+25e) x /i Vivex V1-c?x? b (42c?d+25e) x? /ﬁ Vitex V1-c2x?

560 c® 840 c*

bex® 1 VJilscx V1-c2x?

l+cx

1
+=dx® (a+bArcSech[cx]) +
42 c? 5

b (42c?d+25e) /i v1+cx ArcSin[cx]
1 +
—ex’ (a+bArcSech[cx]) +

7 560 c’

Result (type 3, 162 leaves):

1
1680 ¢’
48 ac’ x° <7d+5ex2)—bcx 1-cx (1+cx) (75e+2c2 (63d+25ex2)+c4 (84dx2+40ex4))+
l+cx

l1-c¢cx

48bc’ x> (7d+5ex?) ArcSech[cx] +3ib (42c®d+25¢e) Log[-2d cx+2 (1+cx)]

l1+cx

Problem 89: Result unnecessarily involves imaginary or complex numbers.

sz (d+ex®) (a+bArcSech[cx]) dx

Optimal (type 3, 174 leaves, 5steps):

b(20c?d+9e) x 1 Ji1+cx V1-c2x2
1+CcXx

120 ¢4

be x3 /% Vitex V1-c2x?
+C X

20 c?

3
b(20c2d+9e) /i 1+cx ArcSin[cx]
1 +

—ex® (a+bArcSech[cx]) +
5 120 c®

1
+=dx> (a+bArcSech[cx]) +

Result (type 3, 144 leaves):
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1-c¢cx

8ac’x® (5d+3ex2) -bcx

l+c 9e+c? (20d+6ex?
120 ¢ 1+cx (Lrex) (gerc? roext))

1-c¢cx

8bc®x® (5d+3ex?) ArcSech[cx] +ib (20c®d+9e) Log[-21icx+2 (1+cx)]

l1+cx

Problem 90: Result unnecessarily involves imaginary or complex numbers.

J(d +ex?) (a+bArcSech[cx]) dx

Optimal (type 3, 112leaves, 4 steps):

bex L J1+cx V1-c2x?

1+cx

- ; +dx (a+bArcSech[cx]) +
6cC

b(6cd+e) lllcx 1+cx ArcSin[cx]
1 +
N
6 c3

—ex’ (a+bArcSech[cx])
3

Result (type 3, 181 leaves):

1 3 1-cx X x2 1 ;
adx+ —aex’+be -—— - —| +bdxArcSech[cx] + —bex®ArcSech[c x] +
3 1+cx 6c? 6¢C 3
2bd | = mArcSin[@} ibelog[-2icx+2 | X% (1+cx)]|
Trex \/7 1+c x
+
c-c?x 6 3

Problem 100: Result unnecessarily involves imaginary or complex numbers.

sz (d+ex2)2 (a+bArcSech[cx]) dx

Optimal (type 3, 275leaves, 6 steps):
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b (280 c*d?+252c2de+75e?) x lllcx Vitex V1-c2x?

1680 c®
be (84c2d+25e) x3 lll Visex V1-c2x2 be?xs ,11 Vivex V1-c2x?

+C X +CX

- +
840 c* 42 c?

1.5 2 5 1.,
—d?>x® (a+bArcSech[cx]) + —dex® (a+bArcSech[cx]) + —e*x’ (a+bArcSech[cx]) +
3 5 7
b (280 c*d? + 252 c2de + 75 e?) li 1+cx ArcSin[cx]

1680 ¢’

Result (type 3, 207 leaves):

. 16ac’ x3 (35d2+42dex2+15e2x4) -
1680 ¢

1-cx

bcx (1+cx) (75e*+2c?e (126d+25ex?) +8c* (35d°+21dex*+5e”x*)) +

1+cX

16bc’ X (35d*+42dex*+15e* x*) ArcSech[c x] +

1-cx

ib (280 c*d*+252c’de+75€e*) Log[-2dcx+2 (1+cx)]

1+cx

Problem 101: Result unnecessarily involves imaginary or complex numbers.

J(d +ex2)2 (a+bArcSech[cx]) dx

Optimal (type 3, 204 leaves, 5 steps):

be (40c2d+9e) x li Vitex V1-c2x2  be?xd ,ltx Vitvex V1-c2x?

120 c* 20 c?

+

2 2.3 1 50
d*x (a+bArcSech[cx]) + —dex® (a+bArcSech[cx])+ = e®x® (a+bArcSech[cx]] +
3 5

b (120 c*d? +40c?de+9e?) /i v1+cx ArcSin[cx]

120 c®

Result (type 3, 174 leaves):
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8ac®x (15d°+10dex*+3e*x*) -bcex 1-cx (1+cx) (9e+c? (40d+6ex?)) +
120 c® l+cx
8bc®x (15d*+10dex*+3e”x*) ArcSech[cx] +
1-cx
ib (120c*d>+40c’de+9e?) Log[-21icx+2 (1+cx)]
1+cx

Problem 102: Result unnecessarily involves imaginary or complex numbers.

(d +ex2)2 (a+bArcSech[cx])
[ : i
X

Optimal (type 3, 177 leaves, 5steps):

bd Vi+ecx V1-c2x? be?x 1 J1+cx V1-c2x2
X

1+cx

X

d? (a+bArcSech[cx])
+2dex (a+bArcSech[c +

X

\V1+cx ArcSin[cx]

be 12c2d+e

1
—e?x® (a+bArcSech[cx] ) +
3

Result (type 3, 158 leaves):

! bc 1-cx <1+cx) (—6c2d2+e2x2>+

6 c3x 1+cx

2ac’(-3d*+6dex?+e’x*) +2bc? (-3d*+6dex?+e®x*) ArcSech[c x] +

1-cx

ibe (12c?d+e) xLog[-2icx+2 (1+cx)]
l+cx

Problem 103: Result unnecessarily involves imaginary or complex numbers.

(d +ex2)2 (a+bArcSech[cx])
J x4

Optimal (type 3, 176 leaves, 5steps):

dx
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b d? I J1+cx V1-c2x? 2bd (c2d+9e) [ 2 J1+rcx V1-c2x?
1l+cx l+cx
. _
9 X

9 x3
d? (a+bArcSech[cx]) 2de (a+bArcSech[cx])
- +
3 %3 X
b e? 11 V1+cx ArcSin[cx]

+C X

e’x (a+bArcSech[cx]) +
c

Result (type 3, 149leaves):

1-cx
; bcd 1+cx) (d+2c2dx2+18ex2)—3ac(d2+6dex2—3e2x4)—
9cx 1+cx

1-cx
3bc (d*+6dex?-3e?x*) ArcSech[cx] +9ibe®x® Log[-21icx+2
1+cxXx

(1+Cx)]

Problem 110: Result unnecessarily involves imaginary or complex numbers.

dx

x? (a+bArcSech[cx])
J d+ex?

Optimal (type 4, 519 leaves, 24 steps):
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bArcTan[ [-1+*% [1+ 4]
X (a+bArcSech[cx]) cx cx
ce

e

\/=d (a+bArcSech[cx]) Log[1- S¥/-der=rer
- ) tosl Ve \[ctdre ]

2 e3/2

V~d (a+bArcSech[cx]) Log[1 + c/-d e
(a+ ) Log| +%ﬁ ol

2 e3/2

\/—d (a+bArcSech[cx]) Log[1 - S/ -d i
< : ) { Ve +/c?d+e ]

2 e3/2

\/=d (a+bArcSech[cx]) Log[1+ /-4 e
< + ) [ + ﬁ+m ]

2 e3/2

b~/—d PolyLog[2, - /4" b /7q polylog[2, S¥Y-d- <=
| Ve /cdie ] [ Jofcde
+ —

2e3/2 2e3/2

b/-d Polylog[2, - L4 | \/7d polylog[2, SL-d e
S 2 o

2e3/2 2e3/2

Result (type 4, 921 leaves):

Ve x

4acx/?x—4aC\/?Ar‘cTan[

4ce3/2 ﬁ

} +

blae

1
c xArcSech[c x] - 2 ArcTan [Tanh[f ArcSech[c x] } ] ] -21icvd
2

c/d (]'lC\/?Jr\E) Tanh[lAr‘cSech[cx]}
—4]’1ArcSin[7] ArcTanh[ 2

\/? \Vec2d+re

i (ﬁ7</c2d+e ) @-Arcsech[cx]
cVd

Log |1+ e 2Aresechlex] ] _ ApcSech[c x] Log[1 +

|+

] +ArcSech|c

| 21

X]
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cvd i (\/F J2d+re ) @-Arcsech[c x]
2iArcSin[——] Log[1+ ] -
V2 cd
i (\/?er) e-Arcsech[cx]
ArcSech[cx] Log[1 + ] -
cVd
s ?\/% i (\/? +v/c2d+e ) ~ArcSech[c x]
2 i ArcSin[ ————] Log[1 + | +PolyLog|2,
V2 cd

i (e [ TaTe) emssanien i (Ve - V@dre ) ereseanicn

} + PolyLog[Z, -

1+

cVd ca
ive
17cv; (—jcx/?+\/?) Tanh[ 2 ArcSech[cx] |
chx/? —4jArcSin[7] Ar‘cTanh[ 2 } +
N2 Vcid+e

ArcSech[c x] Log[1 + e 2Aresechlcx] | _

( \/?+m) @-ArcSech[cx]

ArcSech[c x] Log[1 +

] +

c/d
ive
1- C\/; i (7\5 m) e-Arcsech[cx]
2i ArcSin| ————] Log[1+ |-
V2 cd
i (ﬁ m) —ArcSech[c x]
ArcSech[c x] Log|1 - | -
cVd
ive
1- c\/:; i (\/? m) @-Arcsechlcx]
2i ArcSin| ————] Log[1 - | +Polylog|2,
V2 c/d

i (\/? m) @-Arcsechlcx] i (\/? m) @-Arcsechlcx]
| +Polylog|2,

cvd cd |

Problem 111: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bArcsech[cx]) 4
X

d+ex?
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Optimal (type 4, 441 leaves, 26 steps):

eAr‘cSech [cx] eArcSech [cx]

(a+bArcSech[cx]) Log[1- <
Ve -1/ c?d+e

2e 2e

(a+bArcSech[cx]) Log[1+ <1

\/?—\ 2d+e

(a+bArcsech[cx]) Log[1- ¢ d e

Ve +/c2dre

ArcSech[c x] ]

(a+bArcsech[cx]) Log[1+ ¢ =d e

Ve +/c?d+e

ArcSech[c x] }

+ _
2e 2e
b PolyLog[2’ B c —d eAr“cSech[c)d
(a+bArcSech[cx]) Log[1+ e?Arcsechicx] ] Vo are
+ +
e 2e

Arcsech[ ]

bPolylog[2, < bPolylog[2, - <1
Ve -/ c?d+e Ve +/ c?d+e

2e 2e

eArcSech [cXx] ]

eArcSech [cx]

bPolyLog[2, ¢
Ve ifc2die bPolylog|2, - e2Arcsechicx] |

2e 2e

Result (type 4, 860 leaves):

ive
1 17c¢; (—Jicx/?+\/?) Tanh[ 2 ArcSech[cx] |
— |41ibArcSin| ————] ArcTanh]| 2 ]+
2e V2 JcZdre
ive
1+ch (]'].C\/?-%—\/?) Tanh[ 2 ArcSech[cx] |
4ibArcSin| ] ArcTanh | 2 | ~2bArcSech[cx]
N2 Ve2d+e
i (\/?_\/m) e-Arcsech[cx]
Log[1 + e 2Aresechicx] ], p ArcSech[c x] Log |1 + |-
cVd
ive
1+ c\FZ i (\E m) ~ArcSech[c x]
21 bArcSin| | Log[1+ |+
V2 cd
i (_\/? m) @-Arcsech[cx]
b ArcSech[c x] Log[1 + |-
c/d
ive
1- c\/% i (7\/F+m) e-Arcsech[cx]
2ibArcSin[———] Log[1+ |+
2 C\/F

i (\/? m) —ArcSech[c x]
c/d

b ArcSech[c x] Log[1 -

|+
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1- ive

cd i (\/F m) @-Arcsech[cx]
2ibArcSin[ ~—— ] Log|1- ]
V2 cVd
i (\/? m) @-Arcsech[cx]
b ArcSech[c x] Log[1+ ] .
cVd
ive
1+ c\fz i (\/? m) -ArcSech[c x]
ZibArcSin[T] Log[1 + o | +alog[dsex?]
2 cvVd
i (\/? m) @ -ArcSech[cx]
b PolylLog [2 _ @-2Arcsech| ] b PolyLog [ ] i
cVd

i (_\/? m) @-Arcsech[cx]

cVd
i (\/? m) e-ArcSechfcx]

cd

b Polylog [2,

} ,

b Polylog [2, -

} .

i (ﬁ +v/c2d+e ) —ArcSech[c x]
cVd

b PolyLog|2,

]

Problem 112: Result unnecessarily involves imaginary or complex numbers.

a +bArcSech[cx]
J dx

d+ex?

Optimal (type 4, 469 leaves, 19 steps):

—_d eAr‘cSech [cx]

(a+bArcsech[cx]) Log[1- ¢
2+/-d e
(a+bArcSech[cx]) Log[1+ € T ehresechicx) (a - bArcsech[c x] ) Log[1- © 7 efresechicx]
Ve care Ve fdde
27-d Ve 24/~ e
(a+bArcSech[cx]) Log[1+ <1 SN ] bPolylog|2, - Sd et
Ve fctdie Vo fdde
2+ -d \/? 2+/_d \/?
b POlyLOg 2 c~/—d ehrcsechicx] bPolyLog 5 _ M bPolyLog 5 c~/—d ehrcsechicx]
e Ve | e e T
- +
2 a e 2 a e NERG

Result (type 4, 849leaves):
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1
2+/d e
ive
Je x 1_c¢§ (—JiC\/?+\/?) Tanh[%Ar‘cSech[cx}]
2aArcTan| | ~4bArcSin| ————] ArcTanh| |+
Vd V2 Vczdre
ive
1+c¢; (jcx/d_+\/?) Tanh|[ 2 ArcSech([c x] |
4bArcSin| —————] ArcTanh| 2 ] -
\/7 Vecid+e
i (\/F m) ~ArcSech[c x]
ibArcSech[cx] Log[1+ ] -
c/d
ive
1+ c\/% i (\/? m) @-Arcsech(cx]
2b ArcSin| | Log |1+ |+
V2 cVd
i (,\/? m) ~ArcSech[c x]
i bArcSech[cx] Log[1+ ]+
cVd
ive
1- e i [-Ve sVTdre ) etresechicn
2bArcSin[ ———] Log[1+ ]+
2 c/d
i (\E m) @-Arcsechlcx]
ibArcSechlcx] Log|1- ] -
c/d
ive
1- c\/% i (\/? m) @-Arcsech[cx]
2bArcSin[ ————] Log[1- ] -
2 c/d
i (\/F m) @-Arcsech[cx]
ibArcSechcx] Log|[1 + |+
c/d
1+ ?\% i (\E m) @-Arcsechlcx]
2bArcSin[ ————] Log[1+ ] -
V2 c/d
i (\/? m) @-Arcsech[cx]
JleolyLog[ ] ¥
cd
i (_\/?+1/c2d+e ) e-Arcsechlcx]

ib PolyLog[

N J
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i (\/?+*/c2d+e ) e-ArcSechicx]
cVd

ibPolylLog[2, -

} _

i (Ve o VcTdre | eresecnicn
N

ib PolyLog[Z,

]

Problem 113: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a + b ArcSech[c x]
j dx

X (d+ex2)

Optimal (type 4, 417 leaves, 19 steps):
(a+bArcSechicx]) Log[1- Y -der™en ]

(a+bArcsech[cx])? . Ve -fctdie )
2bd 2d
(a+bArcsech[cx]) Log[1+ M] (a+bArcSech[cx]) Log|1- m]
\/?fw 2d+e \E+‘\/ c2d+e

2d 2d

(a+bArcsech[cx]) Log[1+ cafod eeseenien ] bPolyLog|2, - S-d s
Ve +/c2dre Ve -/ c2dre

2d 2d

b Polyl_og 2 c {7d eArcSech[cx] bPolyLog 2 B c —_d eArcSech[cxj bPOlyLog 2 c {7d eArcSechjcx]
[ ’ Ve -/ c?d+e ] [ ’ Ve +/c?d+e ] [ ’ Ve +/c?dre ]
2d 2d 2d
Result (type 4, 841 leaves):
1
2d
ive
1_“/? (—JiC\/?M/?) Tanh[ 2 ArcSech[c x] ]
bArcSech[c x]? +4 i bArcSin| —————] ArcTanh| 2 |+
N2 Je2d+e
ive
1+ , 1
. Ny (1C\/?+\/?) Tanh[;Ar‘cSech[cx}]
41ibArcSin[ —————] ArcTanh| |+
N2 Vc2id+e

i (ﬁ_ﬂ/c2d+e ) @-Arcsech[cx]
cVd

b ArcSech[c x] Log[1 +

} .
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1+£l £

c/d i (\/? m) @-Arcsech[cx]
2ibArcSin[ ~———] Log[1+
V2. cd
i (—\/? m) @-Arcsech[cx]

b ArcSech[c x] Log[1 + | -
cVd

i (—\/? m) ~ArcSech[c x]

1- ive
cVd
2

2i bArcSin]| | Log[1+
cVd
i (\/? m) e-ArcSech[cx]
b ArcSech [c x] Log[l— }Jr
AV
ie
1- C\/% i (\/?Jr\/m) e-Arcsech[cx]
2ibArcSin[———] Log|1-
V2 cd
1 (\/? +vc2d+e ) @-ArcSech[cx]
bArcSech[cx] Log[1 + ] +
cVd
ive
1+ c\% 1 (\/?+“/c2d+e ) @ ArcSech[cx]
2ibArcSin[ ————] Log|[1+
V2 cd

i (\/? m) —ArcSech[c x]

2alog(x] +alog[d+ex?| -bPolyLog|2,

cVd
]'1(7\/? ¢ 2d+e) —ArcSech[c x]

cVd
i (\/? Jc2d+e ) @-ArcSech[cx]

cd

b PolyLog|2,

] -

bPolylog|2, -

] -

i (\/? m) e-Arcsech[cx]
cVd

b PolyLog|2,

]

Problem 114: Result unnecessarily involves imaginary or complex numbers.

a +bArcSech[cx]
J dx

2 (d+ex?)

Optimal (type 4, 523 leaves, 24 steps):

} _

| 27
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be S Ve [(a+bArcSechlcx]) Log[1 - /- ereeties
\/ \/ a bAr‘cSech[c x] ( ) [ Je Jdae ]
d x 2 (—d)3/2

-d eArcSech [cx]

Ve -n/ 2 d+e

Ve (a+bArcSech[cx]) Log[1+ €

2 (—d) 3/2
_d eArcSech:cx] ]

C
e i/ c2d+e

Ve (a+bArcSech(c x]) Log[1-

2 (—d)3/2

eArcSech [cx]

Ve (a+bArcSech[cx]) Log[1+ <1

e 1/ c2dre

2 (—d)3/2

b \E PolyLog 2 B c —d eAr‘cSech[cx} b \E POlyLOg 2 c _d eArcSech[cx]
2, - frae ] 2, P ]
2(—d)3/2 2(—d>3/2
b \E POlyLOg 2 _ c/_d eAresechicx] b \E POlyLOg 2 c+/_d ehresechicx]
SNl SN

2(—d)3/2 2(—d)3/2

Result (type 4, 933 leaves):
1

4d3/2 x

e 1-
—4a\/?—4a\/?xAr‘cTan[\/7X] +b|4a/d € (1+cx) ~4+/d ArcSech[cx] -21i+e x

\/F 1+cx
ive
1+cﬁ (]‘1C\/?+\E) Tanh|[ 2 ArcSech|[c x] |
-4 i ArcSin[—————| ArcTanh| 2 | +Arcsech[cx]
N2 Vcid+e

i (\/? m) -ArcSech[c x]

Log[1 + e 2Aresechicx] | _ ApcSech[c x] Log[1 +

|+

cVd
ive
1+ c\/% i (\/? m) @-Arcsechlcx]
ZjArcSin[i] Log[lJr ] -
V2 c/d

i (\/? Jc2d+e ) -ArcSech[c x]
cVd

ArcSech[c x] Log |1+

] _
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1+ ?\% i (\/F m) e-Arcsech[cx]
ZjArcSin[T] Log[1+ T ] +P01yLog[2,
2 cvd

i (_\/? Jc2dre ) e-ArcSechlcx] i (\/?_Fﬂ/czd_'_e ) @-ArcSechicx]

| +PolyLog|2, -

] +

cVd ca
i
17c¢:; (7jcﬁ+\/?> Tanh[ 2 ArcSech[cx] |
2i+e x [-4iArcSin[———] ArcTanh]| 2 |+
V2 VcZd+e

ArcSech[c x] Log[1 + e 2Aresechlex] | _

i (7\/? m) @ Arcsech[cx]

ArcSech[cx] Log[1 +

] +

c/d
ive
1- C\/; i (7\/? m) -ArcSech[c x]
2 i ArcSin[ ————] Log[1 + |-
V2 cd
i (ﬁ‘*'m) @-Arcsechicx]
ArcSech[c x] Log[1 - | -
cvd
ive
1- C\/; i (\/? m) @-Arcsechlcx]
2i ArcSin| ————] Log[1 - | +Polylog|2,
V2 cd

i (\/? m) @-Arcsech[cx] i (\/? m) —ArcSech[c x]
| +Polylog|2,

cVd cVd |

Problem 115: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

st (a+bArcSech[cx]) 5
X

(d+ex2)2

Optimal (type 4, 611 leaves, 32 steps):
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1+— 1+—
\/ \/ d (a+bArcSech[cx]) x? (a+bArcSech[cx])

N _
2ce? 2e2(e+%) 2e?
X

bd [-1+ -1 ArcTanh _ Jéae Arcsech (< x]
% [ 1 } d (a+bArcSech[cx]) Log[1- € ~d et -]
C\/? 71+czx2 X \/?—\ c?d+e

e3

2e5/2m\/ 13 J1+—

ArcSech[c x] ] 4 eArcsechicx]

d (a+bArcSech[cx]) Log[1+ € -d & d (a+bArcSech[cx]) Log[1-

C
Ve [aae Ve [dae

e3 o3

—d eArcSech [cx]

Je i/t dee 2d (a+bArcSech[cx]) Log|1+e?Arcsechicx] |
N
3

e e3

d (a+bArcSech[cx]) Log[1+ €

Ar‘cSech[ x]

b d PolylLog [2, -

—_d eArcSech [cx] }

bd PolyLog[Z, =d

Ve -/ c?dre Ve -1/ c?d+e

e3 o3
_ ArcSech[c x] -d eAr‘cSech [cx]
bdPolyLog|2, - d e bdPolyLog|2, €
[ i Nryh dee } [ 4 e e } bd PolyLog[Z, _ @2Arcsech[cx] }
e3 N e3 i e3

Result (type 4, 1397 leaves):

ax2 ad? adLog|d+ex?]
—_— - +
202 263 (d+ex2) e3
? (1+c x)
- L= +x2 ArcSech[c x
b 2 [ ]+ 1 L | ArcSech[c x] . 1

2e? 4e%2 ivd Ve rex d

21 [r 1-cx (1+cx) \F\/:4nc2dx]
Log 1l-cx 1l-cx Lo lecx m ]
Log[ 1+cx 1+cx g 1\/— \/—X

\E Vecid+e

Log[1+ [ 2% yex [ 21<X]
| g3/2 ArcSech[c x] 1 | Log[Xx] 1l+cx 14CX
1 - i

Ve

4e72 CiVd Ve sex A | e
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[d Je oc2
2\/— i 17 . . \d e +ctdx
i [ \/? e \ c2d-e ]
Log| ] 1
—i+/d +Ve x _ d PolyLog[ @2Arcsech[c ]] B
Jadie 2¢’
nye
Cﬁ 1C\/?+\/?) Tanh[ 2 ArcSech[cx] ]
2 |-4iArcsin| | ArcTanh| 2 | +Arcsech[
N2 Vc2d+e

i (\/? m) e-Arcsech[cx]

x] Log[1 + e 2Aresechlex) | ApcSech[c x] Log[1 +

} +

cVd
1+ ?\% i (\/? m) @-Arcsechlcx]
2 ArcSin[ ————] Log[1 + ] -
V2 cd
i (ﬁ_‘_m) @-Arcsechicx]
ArcSech[cx] Log[1 + | -
c/d
1+ ?\% i (\/? m) @-Arcsech[cx]
2i ArcSin| ————] Log[1+ |+
V2 cd
i (_ e +m) e-Arcsech[cx]
Polylog|2, |+
c/d
i (\E m) @-Arcsechlcx]
PolylLog|2, - 1]+
c/d
1. ive
r
1 d [-PolyLog[2, e 2Aresechiexl] 4 2 |4 ArcSin| 7€d} ArcTanh |
2¢3 V2

(—icx/?w/?) Tanh[%Ar‘cSech[cx]}

Ve2d+e
i (7\E m) @-Arcsech[cx]

cd

] + ArcSech[c x] Log[1 + e 2Aresechiex] | _

ArcSech[c x] Log |1+

|+
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ive
1- c\/; i (_\/?+m> e-Arcsech[cx]
2i ArcSin[——] Log[1+ ] -
V2 cd
i (\/?+m) e-ArcSech[cx]
ArcSech[cx] Log[1 - ] -
cVd
ive
1- C\/; i (\/?+m) e-Arcsech(cx]
2i ArcSin| —————] Log[1- | +Polylog|2,
V2 cd

i (\/?_m) @-Arcsechlcx] i (\/?+m) @-Arcsech[cx]
| +Polylog|2,

cvd cd |

Problem 116: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

sz’ (a+bArcsech[cx])

(d+ex2)2

Optimal (type 4, 562 leaves, 30 steps):
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b [-1+ = ArcTanh| @
Cc° X
cx/i

+

2e e+
e+ ) emmJ 1 J1+—

a+bArcSech[c x]

“d eArcsechicx]

e -1/ c?d+e

“d eArcsechicx]

c
Ve -/ c?dre

2e? 2e?

(a+bArcsech[cx]) Log[1- (a+bArcSech[cx]) Log[1+ €

—_d eArcSech [cx]

Ve +/c?d+e

_d eArcSech [cx] ]

c
Ve ) c2d+e

2e? 2¢e?

(a+bArcSech[cx]) Log[1- (a+bArcsech[cx]) Log[1+ €
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Problem 117: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 118: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 119: Result unnecessarily involves imaginary or complex numbers.
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Problem 120: Result unnecessarily involves imaginary or complex numbers.
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Problem 121: Result unnecessarily involves imaginary or complex numbers.
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Problem 122: Result unnecessarily involves imaginary or complex numbers.
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Problem 123: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 4, 760 leaves, 35 steps):
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Problem 124: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 3, 173 leaves, 6 steps):
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Result (type 3, 486 leaves):
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Problem 125: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 126: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 4, 741 leaves, 30 steps):
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Problem 127: Result unnecessarily involves imaginary or complex numbers.
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Optimal (type 4, 1272 leaves, 35 steps):



58 | Mathematica 11.3 Integration Test Results for 7.5.1 u (a+b arcsech(c x))”~n.nb

bc+-d \/—1+i\/1+i bC\/—d\/ 1+—\/1+—
+

16e*2 (c?d + e (\/j\/?—%) 16e*2 (c*d+e) (\/j\/—+ ;)

V-d (a+bArcSech[cx]) 3 (a+bArcSech[cx]) +/-d (a+bArcSechlcx])
N _ _
16e¥2 (\od Ve -¢)° 16 [Vod e - ¢ 1ge¥2 (Vod Ve +¢)

N cd-+/-d 1+—
3bArcTan|
3 (a+bArcSech[cx]) Jedn/-d Ve [-1e

16e? (Vod Ve + %) g /cq vod Ve \cdrvod Ve e

S(Cd—ﬁ\/?)w (cd+\/j@)3/2e Sx/cdfx/j\/? \/cd+\/j\/?e2

bdAr‘cTan[ 3 bAr‘cTan[

N cdi/-d 1+—

rcSech(cx]
[cavd Je | 3 (a+bArcSech[cx]) Log[1 - <¥-¢ S
cd- 7d 71+— ( ) [ \/?_ . die

+

8<Cd*\/j\/?)3/ (Cd+ﬂ\5)3/2e 16+/-d e5/2

bdArcTan|

-d eArcSech [cx]

c
Ve +y/c?dre

3 (a+bArcSech[cx]) Log[1+ M] 3 (a+bArcSech[cx]) Log[1-

e -1/ c2d+e
16/ -d e®/? 16/ -d e®/?

eArcSech [cx]

eArcSech[c x] ]

3 (a+bArcSech[cx]) Log[1+ <1 3bPolylog[2, - ¢

Ve i/ die Ve -/ctdie
16/ -d e>/2 16/ -d e>/2

_d eAr‘cSech[cx' ] _d eArcSech[cﬂ} _d eAr‘cSech[cx}

c
Ve -/ c?d+e Ve +/c?d+e Ve +/c?d+e

3bPolylog|2, € 3bPolyLog|2, - 3bPolylog|2, €

16+/-d e52 16+/-d e52 16+/-d e52
Result (type 4, 2022 leaves):

adx 5ax
- +

4 e? (dJrexz)2 8 e? (d+ex2) 8+/d e5/2

3 aAr‘cTan[%}

ie [i=x (1+cx)

1 1+cx

16 e2 7\/?(c2d+e) (—J’L\/?+\/?X)i




Mathematica 11.3 Integration Test Results for 7.5.1 u (a+b arcsech(c x))”~n.nb | 59

Log 1l-cx 1l-cx
ArcSech[c x] Log[ 1rex lrcx 1

\/?(—i\/d_+\/?x) d\/i d(c2d+e)’?

(2c?d+e) Log[-|[4d/e \/c*d+e |[Ve -ic2/d x++/cPdre 17CX+

1+cx

cyc2d+e x 1-cx /((2c2d+6) (—jl\/?+\/?x)) 11 -

1+cxXx

ive [Iex (1+cx)

1 NFY B ArcSech[c x] Log[ ]

16 e? ﬁ(c2d+e> (]'1\/?+\/?X) ﬁ(j\/d_+\/gx) dve

[1—cx [l—cx
LOg[1+ l+cx rex l+cx ] 1
+
Ve

d (c2d+e)3/2

(2c2d+e) Log|- 4d-/e \Jc2d+e |Ve +ic?2/d x++/c2d+e 17CX+

1+cx

cc?d+e x 1-cx /((2c2d+e) (]'l\/d—-F\/FX)) ] +

1+cx

Log[1+ [ 3<% yex | 2<% ]
1 ArcSech[c x] 1 | Log[x] l+cx licx
5]|- + 1 _
Ve

16 e’ ivd Ve rex +d Ve

\/7

c2d+e

r l-cx (1+cx) \/d \/e nczdx]

Log{

i+/d+/e x 1 5 ArcSech[c x] 1
n _ _

vec2d+e 16 e? ~i+vd Ve +ex A/d




60 | Mathematica 11.3 Integration Test Results for 7.5.1 u (a+b arcsech(c x))”~n.nb

[lr (1+cx) n\/d ye +c2dx
Log[1+ | 2% 4ex [ 19X ] Log| Jeae |
LOg[X] ) 1+cx 1l+cx . i d e x

e e Vcid+re

1

32+/d 52

31 PolyLog[ 72Ar'cSech[ ]} _

cd (Jicx/?m/?) Tanh[lArcSech[cx}]
2 |-41iArcSin[ ~————] ArcTanh| 2

V2 vcid+e

| +Arcsech|

i (\/? m) —ArcSech[c x]

x] Log[1 + e 2Aresechiex]] _ ApcSech[c x] Log |1+

|+

cVd
1+ ?\% j_ (\/_ m) @-Arcsech[cx]
21 ArcSin[ ———] Log[1+ ] -
\/? C \/?
i (\/?Jr\/m) @-ArcSechicx]
ArcSech[cx] Log[1 + | -
cVd
1+ ?\/% i (ﬁ m) —ArcSech[c x]
2i ArcSin[——— | Log[1+ ]+
V2 cVd
i (_\/g m) @-Arcsech[cx]
PolyLog|2, ] +
c/d
i (\/? m) @-Arcsech[c x]
PolyLog|[2, - -
c/d
1_ ive
\/_
! 3i |-PolylLog[2, -e2Aresechicx]] 4 o | 4§ ArcSin| 7Cd]

32+/d e°/2 V2



Mathematica 11.3 Integration Test Results for 7.5.1 u (a+b arcsech(c x))”~n.nb | 61

(—]‘lC\/F-%-\/F) Tanh[iAr‘cSech[cx]}
Vvcid+e

ArcTanh | | +ArcSech[cx]

i (7\/? /c2d+e ) —Ar‘cSech x]

Log[1 + e 2Arcsechlex] | _ ArcSech[c x] Log[1 +

|+

cVd
ive
17”; i (_\/? m) ©-Arcsech [ x]
2i ArcSin[———] Log[1+ ]-
V2 cd
i (ﬁ+m) @-Arcsech(cx]
ArcSech[cx] Log[1 - | -
cVd
ive
l—c\/; i (\/? m) —ArcSech[c x]
21 ArcSin[ —————] Log[1 - | +PolyLog|2,
V2 cVd

i (\/? Jc2d+e ) @-ArcSech[cx] i (\/?_Fﬂ/czd_'_e ) @-ArcSechicx]
] +PolyLog[2,
cd cd

]

Problem 128: Result unnecessarily involves imaginary or complex numbers.
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Optimal (type 4, 1276 leaves, 63 steps):
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1 ArcSech[c x] 1 | Log[x] 1+cx l+cx
- + 1 -
Ve

L

2i+e [r (1+c x) \’d ve “de]
\ 2 die
el VT e x )
Je2dre l6de| _j./d /e +ex +/d

1 ArcSech[c x] 1
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1-cx +n\ﬁ¢?+c2dx
Log[1+ lex ex lcx } Log[ 2Ve [1ve e Vc2dee ]
Log[x] l+cx 1+cx i d e x

+ —

Ve Ve Vc2d+e

—2Ar‘cSech[ x]] _
S d e i |Polylog|2, ]

cd (Jicx/?m/?) Tanh[iArcSech[cx}]

2 |-41iArcSin| —————] ArcTanh]|

V2 vcid+e

| +Arcsech|

i (\/? m) —ArcSech[c x]

x] Log[1 + e 2Aresechiex]] _ ApcSech[c x] Log |1+

|+

cVd
1+ ?\% j_ (\/_ m) @-Arcsech[cx]
2iArcSin[———] Log[1+ ] -
V2 cd
i (\/?Jr\/m) @-ArcSechicx]
ArcSech[cx] Log[1 + | -
cd
1+ ?\/% i (ﬁ m) —ArcSech[c x]
2i ArcSin[——— | Log[1+ ]+
V2 cVd
i (_\/g m) @-Arcsech[cx]
PolyLog|2, ] +
c/d
i (\/? m) @-Arcsech[c x]
PolyLog[Z, - ] -
c/d
1_ ive
Ja
_r i |-PolyLog[2, -e 2Aresechiexl] ) —41’1Ar‘cSin[7€ i ]
32 d3/2 @3/2 \/?



Mathematica 11.3 Integration Test Results for 7.5.1 u (a+b arcsech(c x))”~n.nb | 65

(—]‘lC\/F-%-\/F) Tanh[iAr‘cSech[cx]}
Vvcid+e

ArcTanh | | +ArcSech[cx]

i (7\/? /c2d+e ) —Ar‘cSech x]

Log[1 + e 2Arcsechlex] | _ ArcSech[c x] Log[1 +

|+

cVd
ive
17”; i (_\/? m) ©-Arcsech [ x]
2i ArcSin[———] Log[1+ ]-
V2 cd
i (ﬁ+m) @-Arcsech(cx]
ArcSech[cx] Log[1 - | -
cVd
ive
l—c\/; i (\/? m) —ArcSech[c x]
21 ArcSin[ —————] Log[1 - | +PolyLog|2,
V2 cVd

i (\/? Jc2d+e ) @-ArcSech[cx] i (\/?_Fﬂ/czd_'_e ) @-ArcSechicx]
] +PolyLog[2,
cd cd

]

Problem 129: Result unnecessarily involves imaginary or complex numbers.

a+bArcSech[cx]
J dx

<d+ex2)3

Optimal (type 4, 1272 leaves, 81 steps):
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bC\/—\/ 1+—\/1+— bC\/—\/ 1+—\/1+—

16 (-d)>? (c2d+e) (V-d Ve - 2] 16 (-d)*? (c2due) (V-d Ve +¢]

+

\/?(a+bAr‘cSech[cx1) 5 (a+bArcSech[cx]) \/?(a+bAr‘cSech[cx1>

16 (-0)"7 (V= Ve -2)° 166 [V Ve 2] a6 ()" (vVa Ve - 2]

+

A\ cd- —d 1+—
5b ArcTan |
5 (a+bArcSech[cx]) Jedn/-d Ve [-1e
N

16 [Vod Ve + %) g fca-vod Ve \cdiv-d Ve

d(cdfﬂﬁ)” (cd+ﬂ€)” 8d2\/cdfﬂﬁ Jcmﬂ@ 7

b e ArcTan [ 5b ArcTan [

be ArcTan|

A cder/-d
c {7C| eArcSech'cx}
Jedave 2k 3 (a+bArcSech[cx]) Log|1-

cd-+/-d 1 ( ) [ \/?_m

+ —

d(cdfﬂ\/?)y (Cd+\/j\/?)3/2 16 (-d)*2+/e

ArcSech[c x] ArcSech[c x]

3 (a+bArcSech[cx]) Log[1+ € -d &

Ve /ctdee
6(-d)** e + 16 (-d)** e
e/ greien | /o eveseeniex
Ve fctdie Ve [dde
6 (-d)** Ve 16 (-d)*'2+/e
3bPolylog[2, S0  3ppolylog|2, - L) 3ppolyLog|2, SN

e -/ c?d+e Ve 1/ c2d+e Ve +/ c2d+e

3 (a+bArcSech[cx]) Log[1- € d e

Ve +/c?d+e

3 (a+bArcSech[cx]) Log[1+ 3bPolylog|2,

- +
6 (-d)>*e 16 (-d)*'* e 16 (-d)*'* e
Result (type 4, 2015leaves):

3aAr‘cTan[@]
a X 3ax vd

+ +
4d (d+ex?)? 8d® (d+ex?) 8d5/2 /e

+

ive [ (1+cx)
1 1rex ArcSech[c x]
b |- - +

16 d3/2 \/?(cszfe) (—Jj.\/F-F\/?X) \/?(—Ji\/?Jr\/?x)z
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Log 1cx icx
Log[ +C X +CX 1

ave d(c2d+e)®?

(2c2d+e) Log|- 4d-/e \Jci2d+e |[Ve -i1c?2/d x++/c2d+e 17CX+

l1+cx

cyc2d+e x 1-cx /((2c2d+6) (—J’l\/?+\/gx)) |-

l1+cx

ive [iex (1+cx>

1 ) ArcSech[c x] Log[ ]

16(13/2]l \/?(czd+e) (Jl\/?+\5x) \/?(Ji\/FJr\/?X) dve
Log[1+ lﬁ +CX lﬁ] 1
Je T4 (cdie)?

(2c?d+e) Log[-|[4d/e \/c*d+e |[Ve +ic?/d x++/cPdre 1ocx

l1+cx

cc?d+e x 1-cx /((2c2d+e) (]'l\/?-%-\/?x)) ] -

l1+cx

Log[l+ [3<X yex | +<X]
1 ArcSech[c x] 1 | Log[x] 1+cx 1+cx
3 |- + i _
Ve

6d | iderex Vd | e

\ﬁ

(1+cx)

2de

\/d Ve nczdx]

i+vd +/e x _ ~
Vvcid+e 16 d? ~i+d Ve +ex +d

1 3 ArcSech[c x] 1




68 | Mathematica 11.3 Integration Test Results for 7.5.1 u (a+b arcsech(c x))”~n.nb

[lr (1+cx) n\/d ye +c2dx
Log[1+ | 2% 4ex [ 19X ] Log| Jeae |
LOg[X] ) 1+cx 1l+cx . i d e x

e e Vcid+re

1

32d52/e

31 PolyLog[ 72Ar'cSech[ ]} _

cd (Jicx/?m/?) Tanh[lArcSech[cx}]
2 |-41iArcSin[ ~————] ArcTanh| 2

V2 vcid+e

| +Arcsech|

i (\/? m) —ArcSech[c x]

x] Log[1 + e 2Aresechiex]] _ ApcSech[c x] Log |1+

|+

cVd
1+ ?\% j_ (\/_ m) @-Arcsech[cx]
21 ArcSin[ ———] Log[1+ ] -
\/? C \/?
i (\/?Jr\/m) @-ArcSechicx]
ArcSech[cx] Log[1 + | -
cVd
1+ ?\/% i (ﬁ m) —ArcSech[c x]
2i ArcSin[——— | Log[1+ ]+
V2 cVd
i (_\/g m) @-Arcsech[cx]
PolyLog|2, ] +
c/d
i (\/? m) @-Arcsech[c x]
PolyLog|[2, - -
c/d
1_ ive
\/_
! 3i |-PolylLog[2, -e2Aresechicx]] 4 o | 4§ ArcSin| 7Cd]

32d°2+/e V2
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(—]‘lC\/F-%-\/F) Tanh[iAr‘cSech[cx]}
Vvcid+e

ArcTanh | | +ArcSech[cx]

i (7\/? /c2d+e ) —Ar‘cSech x]

Log[1 + e 2Arcsechlex] | _ ArcSech[c x] Log[1 +

|+

cVd
ive
17”; i (_\/? m) ©-Arcsech [ x]
2i ArcSin[———] Log[1+ ]-
V2 cd
i (ﬁ+m) @-Arcsech(cx]
ArcSech[cx] Log[1 - | -
cVd
ive
l—c\/; i (\/? m) —ArcSech[c x]
21 ArcSin[ —————] Log[1 - | +PolyLog|2,
V2 cVd

i (\/? Jc2d+e ) @-ArcSech[cx] i (\/?_Fﬂ/czd_'_e ) @-ArcSechicx]
] +PolyLog[2,
cd cd

]

Problem 130: Result unnecessarily involves imaginary or complex numbers.

st \/d+ex* (a+bArcSechlcx]) dx

Optimal (type 3, 447 leaves, 12 steps):
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b(23c*d?+12c?de-75e?) /i Virex V1-c2x2 VJd+ex?
N

1680 c® e?

b(29c2d—25e) 1X Vivex V1-c2x? (d+ex2)3/2

840 c* e?
2 d 2\5/2
1rex Vicex Vi-cix (d+ext) d? (d+ex2)3/2 (a+bArcSech[cx])

+ _
42 c? e? 3¢3

2d<d+ex2)5/2 (a+bArcSech[cx]) (d+ex2)7/2 (a+bAr‘cSech[cx}) 1

+
1680 7 e5/2

5e3

Ve V1-c?
b (185c®d®-35c*d’e+63c*de”+75¢€?) V1+cx ArcTan| ————— X | -
1+cXx cv/d+ex?

8bd”/2 | 1 f1+cx Ar‘cTanh[@}
1+Ccx \H ll—czxz

105 3

Result (type 3, 396 leaves):

1
————/d+ex* |16ac® (8d>-4d’ex’+3de’x*+15e>x°) -

1680 c® 3

1-cx (1+cx) (75e2+2c2e (19d+25ex2) +ct (_41d2+22dex2+40e2x4)) +

be
1+cx

1-cx

16bc® (8d>-4d>ex®+3de’x*+15e’ x®) ArcSech[cx] | - |b A -1+c?2x?
l1+cx

~iex?+id (-2+c2x?) +2+/d V-1+c2x? Vd+ex?
-128 i ¢’ d”/? Log| |+
128 6 d%/2 x2

Ve (105c®d®-35c*d*e+63c*de’+75¢€?)

Log{—e+2cx/?\/—1+c2x2 \/d+ex2 +c? (d+2ex?)] /(3360c7e3 (-1+cx))

Problem 131: Result unnecessarily involves imaginary or complex numbers.

ng’ \/d+ex* (a+bArcSechlcx]) dx

Optimal (type 3, 329leaves, 11 steps):
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b(c2d+9e) |2 J1+ecx V1-c2x2 VJd+ex? b |2 1+cx V1-c2x2 <d+ex2)3/2
l+cx 1l+cx

i 120c*e 20cle
d (d+ex?)?? (a+bArcSech[cx]) (d+ex?)*? (a+bArcSechlcx])
+ +
392 SeZ
b(15c4d2 10c’de- 9e2 / V1+cx Ar‘cTan[ﬂ}
c/diex?
.

120 c> e3/2

V1+cx Ar‘cTanh[@}
\/_ 2 2

2b d5/2

15 e?

Result (type 3, 333 leaves):

1
-————/d+ex?® |8ac? <2d2—dex2—3e2x4) +
120 c* e?

1ocx (1+cx) (9e+c® (7d+6ex?)) +8bc* (2d°-dex*-3e*x*) ArcSech[cx] | -

1+cx

be

1-cx —]lEX2+]ld( 2+c? x2)+2\/—\/ 1+c2x2 VJd+ex?
b \J-1+cx* 161 c®d*? Log| |+
16c4d7/2X2

1+cxXx

Ve (-15c*d?+10c?de+9e?)

Log[7e+2cx/?\/71+c \/d+ex +c? (d+2ex?)] /(240c5e2(71+cx))

Problem 132: Result unnecessarily involves imaginary or complex numbers.

Jx \Jd+ex? (a+bArcSech[cx]) dx

Optimal (type 3, 221 leaves, 10 steps):

\/1 cx V1-c2x2 VJd+ex?
\l " ' (d+ex?)®? (a+bArcSech[c x] )
N _

3c2d+e \/7W/1+CX Achan[ﬂ b d3/2 [ mAr‘cTanh[ A d+ex? }
d+e x2 Jd Af1-c2 x?
6c3\/e

Result (type 3, 275leaves):
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1 \Jd+ex® |-be 1-cx (L+cx)+2ac® (d+ex?) +2bc? (d+ex®) ArcSech[cx] | -

6c’e 1+cCX

1
12c3e (—1+cx)

1-cx
A -1+c?x?

1+cx

—iex?+id (-2+c?x?) +2+/d Vo1+e2x2 v/drex?
-21ic3d¥? Log| ]+
2c2d5/2X2

ﬁ(3c2d+e)Log[—e+2cx/?\/—1+c \/d+ex +C d+2ex)]

Problem 138: Unable to integrate problem.

dx
4

J\/d +ex? (a+bArcSech[cx])

X

Optimal (type 4, 312leaves, 9steps):
T Virex V1-c2x2 Jd+ex? 2b(c2d+2e) li Visex V1-c2x2 VJd+ex?

+ —

9 x3
(d+ex?)*? (a+bArcSech(cx]) 1
N
3dx3

2

9d |1+ &
d

1 1
2bc (c?d+2e) V1+cx \/d+ex? EllipticE[ArcSin[cx], 7i} -
1+cx

c*d 9cdVd+ex?

b(c*d+e) (2c*d+3e) V1+cx [cx], 7—}
l1+cx c2d

Result (type 8, 25leaves):
JV d+ex? (a+bArcSech[cx])

4

dx
X

Problem 139: Unable to integrate problem.

dx

J\/d +ex? (a+bArcSech[cx])

x6

Optimal (type 4, 446 leaves, 10 steps):
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b (12c%d-e) /i Virex V1-c2x2 VJd+rex?

225dx3

+

b (24c*d?>+19c’de-31¢e?) I Ji1+cx V1-c2x?2 “Jd+ex?

1+cx

225 d? x

b 1 _c2x2 (d 2)3/2
icx Vieex Vi-cx® (deex?) (d+ex?)*? (a+bArcSech[cx])
- +

25d x> 5dx°®

2e (d+ex?)*? (a+bArcSech[cx]) 1
.

15 d? x3 ,
225d%2 1+ %

1 e
bc (24c*d®+19c*de-31e?) V1+cx \/d+ex? EllipticE[ArcSin[cx], - —| -
1+cx

c?

1

V1+cx

b(c*d+e) (24c*d®*+7c*de-30e?)
l1+cx

e x?
1+

e
EllipticF[ArcSin[cx], - —]| /(225cd2 A/ d+ex?

c2d

Result (type 8, 25leaves):
J\/ d+ex? (a+bArcSech[cx])

6

dx
X

Problem 140: Result unnecessarily involves imaginary or complex numbers.

sz’ (d+ex2)3/2 (a+bArcSech[cx]) dx

Optimal (type 3, 418 leaves, 12 steps):

| 73
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b (3c*d?-38c2de-25¢e?) li Vitex V1-c2x2 VJd+ex?

560 c® e

b (13c2d+25e) 11CX Vivex V1-c2x? (d+ex2)3/2

840 c*e

Vi+ex V1-c2x2 (d+ex?)??

\l Tecx ( ) d(d+ex2)5/2 (a+bArcSech[cx])
- +
42c%e 5e?
(d+ex2)7/2 (a+bArcSech[cx]) 1
+
7 e2 560 c’ e3/2

\e \/1—cx
5C 5C e-6 C e 5e 1+cx ArcTan +
b (3 d®>-3 d? 3c?2de?-2 \
l1+cXx

cvVd+ex?
2bd?/? / v 1+cx ArcTanh drex?
[\ﬁxll—c 22 }

35 e?

Result (type 3, 369 leaves):

—éx/dJrexz 48ac® (2d-5ex?) (d+ex2)2

1680 cb e?

1-cx
be

(1+cx) (75e2+2c2e (82d+25ex2) +ct (57d2+106dex2+40e2x4)) +
1+cx

48bc® (2d-5ex?) (d+ex2)2ArcSech[cx] -

1-cx —1ex2+1d( 2+c? x2)+2\ﬁ\/ 1+c2x2 VJd+ex?
b \J-1+c2x? 321 c’d”/?Log| ]+

1+cCcxXx 32 6 d9/2 x2

Ve (-35c6d3+35c4d2e+63c2de2+25e3)

Log[—eJrZC\/?\/—lJrczx2 \/d+ex2 + c? (d+2ex2)] /(1120c7e2 (—1+cx))

Problem 141: Result unnecessarily involves imaginary or complex numbers.

Jx (d+ex?)*? (a+bArcSech[cx]) dx

Optimal (type 3, 297 leaves, 11 steps):
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b(7c2d+3e) /i Virex V1-c2x2 VJd+rex?

40 c*

b 1 1 1_-c2x2 (d 2)\3/2
NErY Vieex Vi-c®x® (d+ex’) (d+ex2)5/Z (a+bArcsech[cx])
S5e

N
20 c?

b (15c*d?+10c?de+3e?) -1 \/mAr‘cTan{éE 1-cx? ]

l+cx
c+/d+ex?

40 c> e

bd>2 | 21— +/1+cx Ar‘cTanh[@]
1l+cx ﬁ ll—czxz
5e

Result (type 3, 313 leaves):

! \/d+ex?

49 c*e

1-cx

8act (d+ex2)2—be (L+cx) (3e+c®(9d+2ex?)) +8bc* (d+ex2)2ArcSech[cx] +

1+cxXx

1 1-cx
ib A -1+c2x?

80c5e<71+cx) 1+cx

—iex?+1id (—2+c2x2) +2+d V-1+c2x2 Jd+ex?

8 c4 d7/2 X2

8c®d*? Log|

|+

ive (15c*d*+10c*de+3e?) Log[—e+2cx/?\/—1+c2x2 \/d+ex2 +c? (d+2ex?)]

Problem 148: Unable to integrate problem.

(d+ex?)®? (a+bArcSech(cx])
J dx

x6

Optimal (type 4, 409 leaves, 10 steps):
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b(c2d+2e) li Visex V1-c2x2 VJd+ex?

75 x3

b (8c*d*+23c2de+23e?) /i Vitex V1-c2x® Vd+ex?

75d x

+

+

b I Ji1+cx V1-e2x? (d+ex2>3/2
1+Ccx

(d+ex2)5/2 (a+bArcSech[cx]) 1
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25 x° 5d x°®

e
V1+cx /d+ex? EllipticE[ArcSin[cx], - —] -

bc (8c4d2+23c2de+23e2>
c2d

1+cx
1

75cd/d+ex?

e x?
Vi+vex 1+ EllipticF [ArcSin[cx], - —]
1+cx d c?d

Result (type 8, 25leaves):

b(c*d+e) (8c4d2+19c2de+15e2)

(d+ex?)*? (a+bArcSech[cx])
J dx

x6

Problem 149: Unable to integrate problem.

(d+ex?)?? (a+bArcSech[cx])
J dx

x8

Optimal (type 4, 556 leaves, 11 steps):
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b (120 c*d? + 159 c2d e - 37 €?) /i Vitex V1-c2x? +Jd+ex?
* 1

+
3675d x3 3675 d? x

1

V1+cX \/l—czx2 \/d+ex2 +

b (240 c®d®+528 c* d? e+ 193 c*de? - 247 &)
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1225d x°

b 1 1 1_-c2x2 (d 2\5/2
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49d x’ 7dx’

+

+

2e (d+ex?)>? (a+bArcSech[cx])

35d2 x°
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e
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2b (c2d+e) (120c6d3+2@4c4d2e+17c2de2—10593)

e x?
1+

e
EllipticF [ArcSin[cx], - —]| /(3675<:d2 x/d+ex2)

c2d

Result (type 8, 25leaves):

(d+ex?)*? (a+bArcSech[cx])
J dx

x8

Problem 150: Result unnecessarily involves imaginary or complex numbers.

st (a+bArcSech[cx])
dx

Vd+ex?
Optimal (type 3, 356 leaves, 11 steps):

| 77
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b(19c2d-9e) /i Vitex V1-c2x? +Jd+ex?

120 c* e?

b I J1iex V1-¢2x? (d+ex?)¥?
1icx ( ) d?2+/d+ex? (a+bAr‘cSech[cx])

. _
20 c? e? e3
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Lrex c+/d+e x?
120 c® e%/2

8bd/2 [ -1~ [1+cx Ar‘cTanh[@}
1+cx \/? ll—czxz

15 e3

Result (type 3, 334 leaves):

#\/d+exz 8ac* (8d°-4dex’+3e’x*) -be 1-cx (1+cx) (9e+c® (-13d+6ex?)) +
120 c* e3 1+cx

1-cx
8bc* (8d*-4dex?+3e”x*) ArcSech[cx]| - |b A -1+c?x?

1+cx

—iex?+id (-2+c?x?) +2/d V-1+c2x?2 Jdrex?

64 C4 d7/2 XZ

-64 i c®d*/? Log|

} +

Ve (45c*d?-10c?de+9e?)

Log{—e+ZC\/?\/—1+c2x2 \/d+ex2 +c? (d+2ex?)]

/ (240 ce® (-1+cx))

Problem 151: Result unnecessarily involves imaginary or complex numbers.

Jx3 (a+bArcsech[cx])
dx

Vd+ex?
Optimal (type 3, 251 leaves, 10 steps):
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b lllcx Vitex V1-c2x2 VJd+ex?

6cle
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(3c2d-e \/7 v/1+cx ArcTan [ Ve[ 2bd3/2 \/7 1+ cx ArcTanh| _drer ]
d+e x? Vd A/1-c2 x?

6 CS e3/2

Result (type 3, 280 leaves):

\Jd+ex? |be 1-cx (1+cx)+2ac® (2d-ex?) +2bc® (2d-ex®) ArcSech[cx] | -

6 c?e? 1+cX

1-cx
b A/ -1+ c?x?

1+cX

~iex?+1id (—2+c2x2) +2+d V-1+c2x2 Vd+ex?

4 c2 dS/Z X2

41icd?Log|

}+\/?(—3c2d+e)

Log{—e+ZC\/?\/—1+c \/d+ex +C d+2ex)] /(12c3e2(—1+cx))

Problem 152: Unable to integrate problem.

jx (a+bArcsech[cx]) 4
X

Vd+ex?
Optimal (type 3, 153 leaves, 10 steps):

V1+cx ArcTan|Ye1cx
Vd+ex? <a+bAr‘cSech[cx}) 1+cx " [ cJdrex? ]

cVe

N \[d+ex?
b~/d | T Vi+rcx Ar‘cTanh[r 22}

Result (type 8, 23 leaves):

Jx (a+bArcsech[cx]) 4
X

Vd+ex?
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Problem 157: Unable to integrate problem.

a+bArcSech[c x]
J dx

x2\/d+ex?
Optimal (type 4, 221 leaves, 9 steps):

\/1 cx V1-c2x2 Jd+rex?
\l " ’ \/d+ex (a+bArcSech[cx])
dx

+

bc V1+cx Vd+ex? EllipticE[ArcSin[cx], - =]

cd 1

cdVd+ex?

l+cx

d [1+¢2
d

(c*d+e) V1+cx [cX], ——]
1+cx c?d

Result (type 8, 25leaves):
a+bArcSech[c x]
J dx

x2vd+ex?

Problem 158: Unable to integrate problem.

a+bArcSech[cx]
J dx

x4\ d+ex?
Optimal (type 4, 346 leaves, 9steps):

b | Virex V1-c2x2 VJd+ex? b(2c2d-5e) li Visex V1-c2x2 Vd+ex?
+
9 d?

9dx3
Vd+ex? (a+bArcSech[cx]) 2e+d+ex? (a+bArcSech[cx]) 1
+ +
3dx3 3d2x ;
9d% [1+ 8¢

d

1 e 1
bc(2c*d-5e) V1+cx \/d+ex? EllipticE[ArcSin[cx], - ——] - ——————
1+cx c?d’ 9cd?/drex?

2b (c*d-3e) (c*d+e) V1+cx [cx], 7—}
l+cx c2d

Result (type 8, 25leaves):
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a + b ArcSech[c x]
J dx

x*Vd+ex?

Problem 159: Result unnecessarily involves imaginary or complex numbers.

Jx-” (a+bArcSech[cx]) .
X

(d+ex2)3/2

Optimal (type 3, 278 leaves, 10 steps):

b 1 J1liex V1-e2x2 \/drex?

Lrcx d? (a+bArcSech[cx])

6c?e? e3\Vd+ex?

2dVd+ex? (a+bArcSech[cx]) (d+ex?)’? (a+bArcSechlcx])

+ +

e3 3¢e3

b(9c*d-e) L mArcTan[Lﬁ —— | 8bd¥? | - mArcTanh[L‘“exz ]
1+CcXx c /d+ex2 1+cx ﬁ 1.2 y2

6C3 e5/2 * 3e3

Result (type 3, 3101leaves):

1 l1-c¢cx
-be (1+cx) (d+ex2)—2ac2 (8d2+4dex2—e2x4)—
6c2e3+/d+ex? l+cx
2 2 2 2 4 1-cx 2,2
2bc* (8d*+4dex®-e”x*) ArcSech[cx] | - [b A -1+c?x

1+cX

—iex?+1d (—2+c2x2) +2\/?\/—1+C2X2 \/d+ex2

16 CZ d5/2 XZ

16 i ¢ d*/? Log|

]+\E (—9c2d+e>

Log[7e+2cx/?\/71+c2x2 \/d+ex2 +c? (d+2ex?)]

/(12ce (14 cx))

Problem 160: Result unnecessarily involves imaginary or complex numbers.

Jx3 (a+bArcSech[cx]) 5
X

(d+ex2)3/2

Optimal (type 3, 177 leaves, 9 steps):
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d (a+bAr‘cSech[cx}) Vd+ex? (a+bArcSech[cx])
. _
2

Vd+ex? e
\/—v1-+cx ArcTan[ ’gxz] Zb‘Ja_\/'—L—“/1-TE§_ArcTanh[ Jdrex? ]
1+cXx dex? 1icx \/(T oo
c e3/2 - o2

Result (type 3, 213 leaves):

(2d+ex?) (a+bArcSech[cx]) 1
e2\/diex? 2ce? (-1+cx)
1-ocx A -1+c?x? \/—Log e+ZC\/_\/ 1+c? \/d+ex2 +c? (d+2ex2)]—
l1+cx
_ 2 2 2 7 _ 2 d -2 2 2
ZiC\/?LOg[\/ 1+c%Xx \/d+ex +Jl< e X< + < +C X>>]

d x? 24222

Problem 161: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx (a+bArcsech[cx]) 4
X

(d+ex?) 3/2
Optimal (type 3, 87 leaves, 5steps):
b | VI+cx ArcTanh[—leex |
a+bArcSech[cx] Lrex Va J1cix
- +

ed+ex? Vd e
Result (type 4, 573 leaves):
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. 2
a+bArcSech[c x] 1-cx (’ICVd*Ve)(’l*l_cx)
- +|2b (-1+cx)
evd+ex? l+cx icd ++/e

-1+ 4 ex+c(£1 d x

_ 1 ]'lC(C\/?—]'l\/?) (_jl\/?Jr\/?X) B NED Nry
e l-cx
14 ievd oy, ivex .
EllipticF[ArcSin| Ve &, 4ic/d Ve I
2-2cx (cﬁfj@)z

14 e *cx+jrzx (c2d+e) (d+ex?)
1-c¢cx

de <71+cx)2

icd ive x
i 1+ -CX+ )
2 4 d
EllipticPi[_li\/?)Arcsin[ Ve SERE J].C\/—\/F] /
cVd -ie 2-2cx (C\/?_i\/?)z

1+Jicl[d _Cx+j13[e X

e(c2d+e) Ve Vd 7/ d+ex?

1-cx

Problem 166: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+bArcSech[cx]
J dx

(d+ex2)3/2

Optimal (type 4, 92 leaves, 4 steps):

b |2 V1+cx |1+ EllipticF[ArcSin[cx], - -2

x (a+bArcSech[cx]) Lecx . T P [ [ex] czd}

+
d+d+ex? cd+/d+ex?

Result (type 4, 334 leaves):
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x (a+bArcSech[cx])

+

dvd+ex?
, ive x ivd
1- cvd +ie ] (1+cx -1+ +C + X
i |1ex | ) (2ex) (~iVd Ve x| va i
l+rcx (C\/?—i\/?) (-1+cx) 1-cx
14 tevd oy, iiex .
e 4 d
EllipticF [ArcSin| Ve \Ch ], - IC\/_\/FZ /
2-2cx (cx/?—i\/?)
1+1‘1c:[d _cx+1'13[ex
d(cVd +ive) Lo W Jdrex
1-cx
Problem 167: Unable to integrate problem.
a+bArcSech[c x]
J ax
x2 (d+ex2)3/2
Optimal (type 4, 249 leaves, 8steps):
Virex V1-c2x2 VJd+ex?
Trex a+bArcSech[cx] 2ex (a+bArcSech[cx])
- - +
@ x dxdrext @ drext
be |- V1+cx Vd+ex? EllipticE[ArcSin[cx], —%d]
+C X 4 1
cd?+d+ex?

d? 1+i
d

c d+2e V1+cCX E111pt1cF ArcSin[cx], ——]
1+cxX c?d

Result (type 8, 25leaves):
Ja +bArcSech[c x]

x2 (d+ex2)3/2

dx

Problem 168: Result unnecessarily involves imaginary or complex numbers.

jxs (a+bArcsech[cx])
dx

(d +e XZ) 5/2
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Optimal (type 3, 272 leaves, 10 steps):

bd I J1+cx V1-c2x2

Lecx d? (a+bArcSech[cx])
- +
3e? (c2d+e)/d+ex? 3¢ (drex?)®?
2d (a+bArcSech[cx]) +d+ex? (a+bArcSech[cx])
N _
e3\Vd+ex? e
b 1 J1+cx Ar‘cTan[@] 8b~d [t V1+cx Ar‘cTanh[M}
1+cx c+[diex? 1l+cx ﬁ llfczxz
Ce5/2 B 3e3

Result (type 3, 313 leaves):

1-cx
-bde

<1+CX) (d+ex2) +
1+cCcXx

a(c*d+e) (8d*+12dex*+3e*x*) +b (c*d+e) (8d*°+12dex?+3e’x*) ArcSech[c x] /

(Be3 (c*d+e) <d+ex2)3/2)+ ! ib 1-cx A/ -1+ c?x?

6ce3<71+cx) 1+cx

—iex?+id (-2+c?x?) +24/d V-o1+c2x?2 Jdrex?

8 d3/2 X2

8c/d Log| ]+

Bix/FLog{—e+2cx/?\/—1+c2x2 \/d+ex2 +c? (d+2ex2)]

Problem 169: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx3 (a+bArcsech[cx])
dx

(d+ex2)5/2

Optimal (type 3, 179leaves, 7 steps):

b L 1+cx V1-c2x?
Licx d (a+bArcSech[cx])

+ —

3e (c?d+e) Vd+ex? 3e2(d+ex2>3/2

2b 1 VJ1+cx Ar‘cTanh[@}
1l+cx ﬁ ll—czxz

a +bArcSech[cx]

+

e2+/d+ex? 3+/d e?
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Result (type 4, 656 leaves):

1-c¢cx
be

(1+cx) (d+ex?) -a (c?d+e) (2d+3ex?) -
l1+cx

b(c*d+e) (2d+3ex?) ArcSech[c x] /(Be2 (c?d+e) (d+ex2)3/2)+

1-cx (—jcx/?+\/?) (—1+ 2 )

4b<71+cx> 1-cx
1+CX ]’lC\/?{»\/?
1 Lq g ifex (D
- ic(cvVd -ive) [-iVd Ve x| va G
-1l+cx 1-cx
1+fLC d —CX+i e x .
EllipticF [ArcSin| Ve CHE I 41cﬁ£2]+
2-2cx (C\/?—]]_\/?)
14 ied oy, idex 2 4 y -
(icvd -ve e e d (c2d+e) (d+ex?)
1-cx de<—1+cx)2
M ive x
i 1+ -CX+ )
ElliptiCPi[—%, Ar‘cSin[ Ve d ],_ 41C\/?\/? ] /
cVd -ive 2-2cx (C\/?_j@)z
1+M*CX+1.L e X
et (chave | T g
1-cx

Problem 170: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jx (a+bArcsech[cx]) 4
X

(d+ex2)5/2

Optimal (type 3, 154 leaves, 6 steps):
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b L V1iex Vi-c2x? b L J1+cx Ar‘cTanh[@
Lvex a +bArcSech|c x] Trex NrRE=ra
- - +
3d (c2d+e) Vd+ex? 3e (d+ex?)?? 3d*2e

Result (type 4, 645 leaves):

1-cx

-ad (c*d+e)-be (1+cx) (d+ex?) -bd (c®*d+e) ArcSech[c x] /

1+cxXx

1_-cx (—JiC\/?+\E) (71+
1+cX ]'LC\H+\/?

)
1-cx

(3de (c2d+e) <d+ex2)3/2) +|2b (-1+cx)

144 ex+c(ﬂ+x)
Va Ve

1 jc(cﬁ—i\/?) (—J'l\/d_+\/?x) =
e 1-cXx
1, ievd oy, ivex .
Ellip‘ticF[Ar‘cSin[ Ve \d }) B 4ic/d Ve ]+
2-2cx (C\/?—j\/?)z

14 Lexd 7CX+@ 24 d 2
(s T Ve Ve e T J<C e) (d+ex?)

l-cx de(—1+cx)2

icd ive x
i 1+ -CX+ .
2 € 4icd Ve

EllipticPi[—l—\/—) Ar‘cSin[ Ve NED ],— i \/—\/—2] /

C\/?—]'].\/? 2-2cx (C\/?—]l\/?)

1+ 1eMd cx gy fvex
3de (c*d+e) fe L] d+ex?

1-cx

Problem 175: Unable to integrate problem.

sz (a+bArcsech[cx])
dx

(d +e XZ) 5/2

Optimal (type 4, 246 leaves, 8 steps):
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b x 1 Ji1+cx V1-c2x2
cx x> (a+bArcSech[cx])

+ —

1+
3d (c2d+e) Vd+ex? 3d (d+ex?)??

bc - 1+cx Vd+ex? EllipticE[ArcSin[cx], —CL]

l+cx

3de(c2d+e) 1+ 8%
d

b lllcx V1+cx 1+ed—XZ EllipticF[ArcSin([cx], - =]

c2d
3cdevVd+ex?
Result (type 8, 25leaves):

sz (a+bArcsech[cx])
dx

(d+ex2)5/2

Problem 176: Unable to integrate problem.

a+bArcSech[cx]
J dx

<d+ex2)5/2

Optimal (type 4, 266 leaves, 8 steps):

bex 1 J1iecx V1-c2x?

Lrcx x (a+bArcSech[cx])
.
3d? (c2d+e)Vd+ex? 3d (d+ex?)??
bc 1 /1+cx v/d+ex? EllipticE[ArcSin[cx], - &
2x (a+bArcSechlcx]) lscx ’ " P [ [ex] ch]
+
3d2+/d +ex?

3d? (c2d+e) 14X

d
2b 11C V1+cx ,1+edi EllipticF[ArcSin[cx], —%d]
+C X c

3cd?/d+ex?

Result (type 8, 22leaves):
Ja +b ArcSech[c x]

<d+ex2)5/2

dx
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Problem 177: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(-Fx)"' (d+ exz)3 (a+bArcSech[cx]) dx
Optimal (type 5, 596 leaves, 5 steps):

be (ez (15+8m+m2>2+3c2de (3+m)2 (42+13m+m2) +3c*d? (840+638m+179m2+22m3+m4)>

(£x) 20 /11 VIvex \1-c%
+CX

(c®F (2+m) (3+m) (4+m) (5+m) (6+m) (7+m)>]

/

[be2(e(5+m)2+3c2d(42+13m+m2))(fx)”“ ! \/1+CX«/1—c2x2/
l1+cx

(c* 2 (4+m) (5+m) (6+m) (7+m)) -

b e3 (-Fx)s”" L Jisicx V1-c2x2

l+cx

c2f5 (6+m) (7+m)
d? (Fx)l*m (a+bArcsech[cx])
f (1+m)

3d%e (fx)>" (a+bArcSech[cx])
f3 (3+m)

3de? (fx)>" (a+bArcSech[cx])

+

5 (5+m)
e’ (fx)”™" (a+bArcSech[cx])

+

7 (7 +m)

+ (e (1+m) (e2 (15+8m+m2)2+3c2de (3+m)2 (42+13m+m?) +

. c®d® (2+m) (4+m) (6+m)
[ 1+m

1

3 ¢4 d? (840+638m+179m2+22m3+m4)))/(<3+m> (5+m) (7+m)) | (Fx)*"

1+cXx

1 1+m 3+m
V/1+cx Hypergeometric2Fi[—, s , 2 x2]
2 2 2

/(cﬁf(1+m) (2+m) (4+m) (6+m))
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Result (type 6, 2335 leaves):

ad3x(1cx)"'+ 3ad?ex® (fx)" . 3ade?x® (-Fx)”'+ae3x7 <fx>m+lbd3 (€)™ ()"
l1+m 3+m 5+m 7+m C

n 1-cx 1 1 3 1
- 1112 (e x) (1+cx) AppellF1[ =, =, -m, =, = (1+cx), 1+cx|
l+cx 2 2 2 2

1

((1+m) (-1+cx) 6Appe11F1[1 1,—m, 5, ~(1+cx), 1+cx]+
2 2 2 2

(1+cx) 74mAppellF1[z, 1,17m, 5,1(1+cx),1+cx]+
2 2 2 2

3 3 1
AppellF1[=, =, -m, =, = (1+cx), 1+cx]
2

(c x)¥M™ArcSech[c x]

1
+=3bd*ex? (cx) *" (fx)"

1+m C

1-cx 1
—, —Mm,
2

4 (cx)m

1 3 1
- (1+cx) (3Appe11F1[—, =, ~(1+cx), 1+cXx|
2 272

/ (6 AppellF1|

l1+cx

1 5
) 1_m.v )
2 2

)+

30 AppellF1|

3
> —m, —,
2

-

N |
N |

(1+cx), T+cx] + (1+cX) ( 4mAppellFl| =,

Nw

5
> —m, —,

(1+cx), 1+cx] +AppellF1| —, =
2 2

(1+cx), 1+cx]

5 1 7
4mAppe11F1[f, -—51-m, —,
2 2 2

%

N |

3
2

[5 (—1+c2x)Appe11F1[i l,—m, E,l(1+cx),1+cx]
2 2 2 2

3 1
=, -=
2 2

N |

(1+cx),1+cx}—3(1+cx)

5 1 7 1
(1+cx), 1+cx| +AppellF1[=, =, -m, —, = (1+cx), 1+cx|
2 2 2 2

N =

1
+—=3bde?x* (cx)™4m
c

(c x)3*™ ArcSech[c x]

4
3+m

1 1-cx
- 4 (cx)™
7 (5+m) (-1+cx) 1+cx

(1+cx)

l) -m, —, 1<1+CX), 1+CX}

((21 Appe11F1[1
272 272
[~

/

> % (1+cx), 1rcx]+ (1+cx)

3
-4mAppellFl| =, —, 1-
2

N |

[6 AppellF1

5 1
,-m, =, = (1+cx), 1+cx|
2 2

+

(1+cx), 1+cx]| +AppellF1]|—,

m,

N W
N W
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3 1 5 1
(70( 1+cx) (1+cx) AppellF1[=, - =, -m, =, = (1+cx), 1+cX] /
2 2 2 2
3 1 5 1
[30AppellF1[—,——,—m, =, —(1+cx), 1+cx] -
2 2 2 2
5 1 7 1
3 (1+cx) (4mAppellF1[— =, 1-m, =, — (1+cx), 1+cx]+
2 2 2 2
5 1 7 1
AppellF1[ =, —, -m, —, = (1+cx), 1+cx]||-
2 2 2 2
5 7 1
(98 (-1+cx) (1+cx) AppellF1[=, - =, -m, —, = (1+cx), 1+cX| /
2 2 2 2
5 1 7 1
[70Appe11F1[f,—f,—m, -, 7(1+cx),1+cx}—
2 2 2 2
7 1 9 1
5 (1+cx) (4mAppe11F1{f =, 1-m, =, = (l+cx),1+cx|+
2 2 2 2
7 1 9 1
AppellFl[f, =, -m, =, = <1+cx), 1+cx} -
2 2 2 2
(9(—1+cx) (1+cx) AppellFl[Z -=, -m, —, 1 (1+cx), 1+cx] /
2 2
7 1 9 1
(—18AppellF1[f, =, -m, =, = (1+cx>, 1+cx] +
2 2 2 2
9 1 11 1
(1+cx) [4mAppellF1[ =, - =, 1-m, —, = (1+cx), 1+cx]+
2 2 2 2
9 1 11 1
AppellFl[f, =, -m, —, = (1+cx), 1+cx] ]+
2 2 2 2

+1be3x6 (CX)_G_m <+-X>m
C

(c x)>"™ArcSech [c x]

5+m

1-c¢cx 1 1 3 1
(1+cx) AppellF1|[—, =, -m, =, — (1+cx), 1+cX]
l1+cx 2 2 2 2

/

12 (cx)™

1
7 +m

1 1 3 1
6 AppellF1[—, —, -m, =, — (1+cx), 1+cx]+
2 2 2 2
=

((—1+cx)

(1+cx)

1 1
,1-m, =, = (l+cx), 1+cx|+

2 2
) |

-4 mAppellFl

w

2
3 1
AppellF1l| =, =, -m, = s 1+cx])
2 2

N

60 (cx)" (1-cx) 1-cx (1+cx)2AppellF1[§,—1,—m, E,£(1+cx),1+cx}/
1+cx 2 2 2 2
3 1 5 1
((—1+cx) -30 AppellF1|~, - =, -m, =, — (1+cx), 1+cx]+
2 2 2 2
5 1 7 1
3(1+cx) [4mAppellFl[ =, - =, 1-m, —, — (1+cx), 1+cx]+
2 2 2 2
5 1 7 1
AppellFl[ =, =, -m, —, —(1+cx),1+cx]) ]—
2 2 2 2
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{168(cx)’"(1cx) 1-ocx (1+cx)3Appe11F1[E,—1,—m, Z,l(1+cx>,
l1+cx 2 2 2 2
5 1 7 1
1+cx] /((—1+cx) -70 AppellF1| =, - =, -m, —, — (1+cx), 1+cx]+
2 2 2 2
7 1 9 1
5(1+cx) [4mAppellFl|[—, - =, 1-m, —, — (1+cx), 1+cx]+
2 2 2 2
7 1 9 1
AppellFl|—, =, -m, —, —(1+cx),1+cx]) ]+
2 2 2 2
{36(cx)m<1cx) 1-cx (1+cx>4AppellF1[Z,—1,—m, 2,1(1+cx),1+cx}/
1+cx 2 2 2 2
7 1 9 1
((—1+cx) -18 AppellF1|[—, - =, -m, =, — (1+cXx), 1+cx]|+
2 2 2 2
9 1 11
(1+cx) [4mAppellF1[ =, - =, 1-m, —, = (1+cx), 1+cx]+
2 2 2 2
AppellFl[g, 1,—m, £,1(1+cx),1+cx} )[176<cx)’"(1cx)
2 2 2 2
1ocx (1+cx)5AppellF1[g,—l, -m, £,1(1+cx),1+cx}/
1+cx 2 2 2 2
9 1 11 1
(9(—1+cx) —22AppellF1[f,—f, -m, f,7<1+cx),1+cx}+
2 2 2 2
11 1 13 1
(1+cx) 4mAppellFl[—, - =, 1-m, f,f(1+cx),1+cx]+
2 2 2 2
11 1 13 1
AppellFl[~—, =, -m, f,f(1+cx),1+cx] ]+ 52 (cx)" (1-cx]
2 2 2 2
1ocx (1+cx)6AppellF1[£,fl,7m, E,l(1+cx>,1+cx]/
l1+cx 2 2 2 2

11 1
(11 (-1+cx) (—26Appe11F1[?,— (1+cx), 1+cx]+

13 1
(1+cx) [4mAppellF1[—, - —, 1-m, —

2 2 2

(1+cx), 1+cx]+

13 1 15
AppellFl| —,

] (c x)7*" ArcSech[c Xx]
+
7+m

Problem 178: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

J(-Fx)"' (d +ex2)2 (a+bArcSech[cx]) dx

Optimal (type 5, 372 leaves, 5steps):

be(e(3+m)2+2c2d(20+9m+m2))(fx)l”“ ! Vitex AJ1-c?x? /
1+cX

b e2 (fx)s*m /1+17 Vivex V1-c?x?
i ) (5+m)

23 (4+m) (5+m

+

(c*F(2+m) (3+m) (4+m) (5+m))

d? (fx)"" (a+bArcSech[cx]) 2de (fx)>" (a+bArcSech[cx])
+
-F(1+m) f3 (3+m>

e? (fx)*™" (a+bArcSech[cx])

+

> (5 +m)

[b (c“d2 (2+m) (3+m) (4+m) (5+m) +e(1+m)2 (e(3+m)2+2c2d (29+9m+m2)))

(fx)l*m ! V1+cx Hyper‘geometr‘icZFl[l, 1+m, 3+m,c2x2]/
1+cx 2 2 2
(c4-F(1+m)2 (2+m) (3+m) (4+m) (5+m))
Result (type 6, 1240 leaves):
ad2x<1°x)’"+2adex3 (fx)m+ae2x5 (-Fx>m+lbd2 (cx) ™ (£x)°
1+m 3+m 5+m C
[ 12 (cx)" 1ocx (1+cx)AppellF1[l, 1,7m, i,—(1+cx>,1+cx]/
1+cx 2 2 2 2
((1+m) (-1+cx) 6Appe11F1[l, l,—m, i’ l(1+cx),1+cx}+
2 2 2 2
3 1 5 1 3 3
(1+cx) [-4mAppellF1[=, =, 1-m, =, — (1+cx), 1+cx| +AppellF1[=, =, -m,
2 2 2 2 2 2
1+m
E,l(1+cx>,1+cx] )JJ+<CX) ArcSech[cX] +12bdex2(cx)’2’r"(1:x)m
2 2 1+m C
1-cx 1 1 3 1
-4 (ecx)™ (1+cx) (3AppellF1[f, =, -m, f,f(1+cx),1+cx] /(GAppellFl[
1+cx 2 2 2 2
1 1 3 1 3 1 5
=, =, -m, =, —(1+cx),1+cx]+ (1+cx) [-4mAppellF1[—, =, 1-m, —,
2 2 2 2 2 2 2
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l<1+cx),1+cx}+AppellF1[i i,—m, E,l(1+cx),1+cx] )+
2 2 2 2 2
, 3 5 1
5(-1+c x)AppellFl[; ;,—m, ;,;(1+cx),1+cx] / 30 AppellF1|
3 1 5 1 5 1 7
—, ==, -my =, = (l+cx),1+cx] -3 (1+cx) [4mAppellFl[ =, - =, 1-m, —,
2 2 2 2 2 2 2
l<1+cx),1+cx}+Appe11F1[E, l,—m, Z,l(1+cx),1+cx] ))/
2 2 2 2
3+
((3+m) (-1+cx)) |+ (cx) ™" ArcSech[c x] +lbezx4(cx)74’m
3+m C
(Fx)" |- ! 4 (cx)" 1-cx 1+cx)
7 (5+m) (-1+cx) 1+cx
1 1
((ZlAppellFl[f =, -m, f,f<1+cx),1+cx}/
2 2 2 2
1 1 3 1 3 1
[6AppellF1[f =, -m, f,f(1+cx),1+cx}+(1+cx> -4mAppellF1| =, =, 1-
2 2 2 2 2 2
5 1 3 3 5 1
m, —,—(1+cx),1+cx}+AppellF1[— =, -m, —,—(1+cx),1+cx} +
2 2 2 2 2 2
3 5 1
(70(—1+cx) (1+cx) AppellF1|—, - =, -m, —,—(1+cx),1+cx}/
2 2 2 2
3 1 5 1
[30AppellF1[—,——,—m, =, —(1+cx), 1+cx] -
2 2 2 2
5 1 7 1
3 (1+cx) (4mAppe11F1[— =, 1-m, =, — (1+cx), 1+cx|+
2 2 2 2
5 1 7 1
AppellF1[ =, =, -m, —, — (1+cx), 1+cx]|]-
2 2 2 2
5 1 7 1
(98 (-1+cx) (1+cx) AppellF1l[ =, - =, -m, —,—(1+cx),1+cx]/
2 2 2 2

5 1 7 1
{70AppellF1[—, -=,-m, =, = (l+cx), 1+cx] -
2 2 2 2
7 1 9 1
5 (1+cx) (4mAppe11F1[— =, 1-m, =, — (1+cx), 1+cx]+
2 2 2 2
7 1 9
AppellF1[—, =, -m, =, — (1+cx), 1+cx] || -
2 2 2

(1+cx), 1+cx]

/

(9 (-1+cx) (1+cx)>AppellFl|—,

N |

1 9
-, -m, -,
2 2

[—18Appe11F1[Z,— (1+cx), 1+cx]+
2

|
.
|
3
-
N | ©
.

N
=
N||—\NI\IN|"‘

9 11 1
4mAppellF1|[—, - =, 1-m, —, — (1+cx), 1+cx|+

(1+cx)
2 2 2 2
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1 11 1
- -m, —, —(1+cx),1+cx])
2 2 2

AppellF1] =,

N|LD

] (c x)>*™ArcSech[c x]
.

5+m

Problem 179: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(-Fx)"' (d+ex?) (a+bArcSechl[cx]) dx

Optimal (type 5, 206 leaves, 4 steps):

be (fx) Lem \/1+cx A1 -c2x?
\/ d (fx)¥" (a+bArcSech[cx])
+ +

2+m) (3+m) 'F(1+m)
£x)3m b ArcSech
@ [F) 7 [arDATCSeCh X)) |y (e 1 vm)?cia (2+m) (3 o)) (£x)7n | —
£3 (3+m) l1+cx
1+cx Hyper‘geometr‘icZFl[l, 1+m, 3+m, e x?] /(CZ-F(1+m)2 (2+m) (3+m))
2 2 2

Result (type 6, 529 leaves):
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3
> —m, —,

2

)

(1+cx), 1+cx] /(c (1+m) (-1+cx)

N |
N |

N |

1-cx
12bd (1+cx) AppellF1|
1+cx

(1+cx),1+cx]+(1+cx)

=

3
—4mAppe11F1[f, —5 1-m,
2

N |

1 1 3
(6AppellF1[f, —, -m, —,
2 2 2

N

5 1 3 3 5 1
f,f(1+cx),1+cx]+AppellF1[f,f,—m,f,7<1+cx>,1+cx] ]—
2 2 2 2 2 2
1-cx 1 1 3 1
4be (1+cx) (BAppellFl[—, =, -m, —,—<1+cx),1+cx}/
1+cxXx 2 2 2 2
1 1 3 1 3 1
[6AppellF1[f, =, -m, =, = (1+cx), 1+ex|+ (1+cx) ~4mAppellFl[ =, =, 1-m,
2 2 2 2 2 2
1 3 3 1
f,f(1+cx),1+cx}+AppellF1[f, =, -m, f,f(1+cx),1+cx} +
2 2 2 2 2 2
3 1 1
(5(—1+c2x2)AppellF1[f,—f,—m, f,f(1+cx),1+cx}/
2 2 2 2
3 1 5 1
[BOAppellFl[f,—f,—m, f,f(1+cx),1+cx}—
2 2 2 2
5 1 1
3 (1+cx) [4mAppellF1[ =, - =, 1-m, —, — (1+cx), 1+cx]+
2 2 2 2

)/

3
(c3 (3+m) (71+cx)) ) b d x ArcSech [c Xx] N b e x> ArcSech[c x]
1+m 3+m

N |

<1+cx),1+cx}

2 2

5 1
AppellFl[f, —, -m, —,
2
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Summary of Integration Test Results

190 integration problems

A - 121 optimal antiderivatives

B - 1 more than twice size of optimal antiderivatives
C - 58 unnecessarily complex antiderivatives

D - 10 unable tointegrate problems

E - Ointegration timeouts



